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Abstract 

We study in this paper the asymptotics of marked ortholength spectra. Let D~ 
and be properly immersed closed convex subsets of a Riemannian manifold with 
pinched negative sectional curvature. Using mixing properties of Gibbs measures, we 
. give an asymptotic formula as t — ^ +00 for the number of common perpendiculars 

' of length at most t from D'^ to counted with multiplicities and weights, and we 

prove the equidistribution in the outer and inner unit normal bundles of and 
of the tangent vectors at the endpoints of the common perpendiculars. When the 
manifold is compact with exponential decay of correlations or arithmetic with finite 
volume, we give an error term for the asymptotic. We give an asymptotic formula 
for the number of connected components of the domain of discontinuity of Kleinian 
groups as their diameter goes to 0. 

> ■ 

m ■ 1 Introduction 

m 

Let M be a complete connected Riemannian manifold with pinched sectional curvature at 
' most —1 whose fundamental group is not virtually nilpotent, let be its geodesic 

• flow, and let F : T^M — )• M be a potential, that is, a bounded Holder-continuous func- 

tion. Let D~ and be proper nonempty properly immersed closed convex subsets of 
M. A common perpendicular from D~ to is a locally geodesic path in M starting per- 
pendicularly from D'^ and arriving perpendicularly to . Common perpendiculars have 
^ , been studied, in various particular cases, by Basmajian, Bridgeman, Bridgeman-Kahn, 

Eskin-McMullen, Herrmann, Huber, Kontorovich-Oh, Margulis, Martin-McKee-Wambach, 
Meyerhoff, Mirzakhani, Oh-Shah, Pollicott, Roblin, Shah, the authors and many others 
(see the survey |PP6| for references). In this paper, we give a very general asymptotic 
formula as t — )• -|-oo for the number of common perpendiculars of length at most t from 
D~ to D^, counted with multiplicities and with weights defined by the potential, and 
we prove the equidistribution of the initial and terminal tangent vectors of the common 
perpendiculars in the outer and inner unit normal bundles of and Z?+, respectively. 

We refer to Subsection 12.31 for a precise definition of the common perpendiculars when 
the boundaries of D~ and are not smooth, and to Section 13.31 for the definition of 
the multiplicities, which are equal to 1 if D~ and are embedded and disjoint. Higher 
multiplicities can occur for instance when are non-simple closed geodesies in dimension 
at least 3. We denote the length of a common perpendicular a by £{a), and its initial and 
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terminal unit tangent vectors by v~ and v^. For all t > 0, we denote by FeTp{D^ , ,t) 
the set of common perpendiculars from D~ to D'^ with length at most t (considered with 
multiplicities), and we define the counting function with weights by 



error term estimates. The constants c, c' that will appear in such asymptotic formulas 
will be explicit, in terms of ergodic properties of the measures naturally associated to the 
potential F, that we now describe. 

Let ^ be the set of probability measures on T^M invariant under the geodesic flow 
and let hm{g^) be the (metric) entropy of the geodesic flow with respect to m G ^ . The 
pressure of the potential F is 



When F = the pressure dp coincides with the critical exponent of the fundamental group 
of M, by |OtP| . We assume that dp > 0. We will prove that dp is the exponential growth 
rate of 'yyD-,D+,Fi't)- 

Let mp he a, Gibbs measure on T^M associated to the potential F (see |PPS| and 
Section 13. ip . When finite and normalised to be a probability measure, it is an equilib- 
rium state: it attains the upper bound defining the pressure 6p (see |PPSl Theo. 6.1], 
improving |QtP| when F = 0). For instance, mp is (up to a constant multiple) the 
Bowen-Margulis measure meM if = 0, and the Liouville measure if M is compact and 
F{v) = — log Jac (g'*|^su(^)) (f ). We will use the construction of mp by Paulin- 

Pollicott-Schapira [PPSJ (building on work of Hamenstadt, Ledrappier, Coudene, Mohsen) 
via Patterson densities on the boundary at infinity of a universal cover of M associated to 
the potential F. We avoid any compactness assumption on M, we only assume that the 
Gibbs measure mp of F is finite and that it is mixing for the geodesic fiow. We refer to 
[PPS[ Sect. 8.2] for finiteness criteria of mp (improving on [ DOPj when F = 0). By Babil- 
lot's theorem [Bab], if the length spectrum of M is not contained in a discrete subgroup 
of M, then mp is mixing if finite. This condition is satisfied for instance if the limit set of 
a fundamental group of M is not totally disconnected, see for instance [Dalit [Dal2j . 

The measures ctJ_ and on the outer and inner unit normal bundles of D" and 

to which the initial and terminal tangent vectors of the common perpendiculars will 
equidistribute are the skinning measures of and D^. We construct these measures 
as appropriate pushforwards of the Patterson densities associated with the potential F to 
the unit normal bundles of the lifts of D~ and in the universal cover of M. This 
construction generalises the one in [PP5| when F = 0, which itself generalises the one in 
[QST] [0S2] when M has constant curvature and D , are balls, horoballs or totally 
geodesic submanifolds. In [PP 5]. we gave a finiteness criterion for the skinning measures 
when F = 0, generalising the one in [QS2j in the context described above. 

We now state our counting and equidistribution results. We denote the total mass of 
any measure m by ||m||. 



^D-,D+,F{t) 
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Theorem 1 Assume that the skinning measures and 0"^+ are finite and nonzero. 

Then, as s ^ +00, 

ll(T^ II ll(T^ , II P^F S 

A/ IFp-ll IFp+ll e 

When F = 0, the counting function ^d-,d+, oi^) ^^^^ been studied in various special 
cases since the 1950's and in a number of recent works, sometimes in a different guise, see 
the survey |PP6| for more details. A number of special cases (all with F = 0) were known 
before our result: 

• D~ and are reduced to points, by |Hub| . |Marl| and |Rob) . 

• and are horoballs, by |BHP| . |HP2| . |Cos| and |Rob) without an explicit form 
of the constant in the asymptotic expression, 

• D~ is a point and is a totally geodesic submanifold, by [Her], |EM| and |0S3| in 
constant curvature, 

• D~ is a point and is a lioroball, by |Kon) and |K0| in constant curvature, and 
|Kim) in rank one symmetric spaces 

• D~ is a horoball and is a totally geodesic submanifold, by [OSlj and |PP3| in 
constant curvature, and 

• and are (properly immersed) locally geodesic lines in constant curvature and 
dimension 3, by [Pol] . 

When M is a finite volume hyperbolic manifold and the potential F is constant 0, the 
Gibbs measure is proportional to the Liouville measure and the skinning measures of totally 
geodesic submanifolds, balls and horoballs are proportional to the induced Riemannian 
measures of the unit normal bundles of their boundaries. In this situation, we get very 
explicit forms of some of the counting results in finite-volume hyperbolic manifolds. See 
Corollary [30] for the cases where both D~ and are totally geodesic submanifolds or 
horoballs, which are new even in these special cases. As an example of this result, if 
and D'^ are closed geodesies of M of lengths and respectively, then the number 
c/K(s) of common perpendiculars (counted with multiplicity) from D~ to of length at 
most s satisfies, as s — >■ +00, 

^D-,D^A^) - 2n-2(^ _ l)r(|) Vol(M) ' • 

Let Perp(D~, Z)^) be the set of common perpendiculars from D~ to (consid- 
ered with multiplicities). The family (^(a))ogPerp(_D-,D+) '^i^l be called the marked ortho- 
length spectrum from D~ to . The set of lengths (with multiplicities) of elements of 
Perp(D^,L'+) will be called the ortholength spectrum of D^,D^. This second set has 
been introduced by Basmajian |Bas) (under the name "full orthogonal spectrum") when M 
has constant curvature, and D~ and are disjoint or equal embedded totally geodesic 
hypersurfaces or embedded horospherical cusp neighbourhoods or embedded balls (see 
also |BK| when M is a compact hyperbolic manifold with totally geodesic boundary and 
= = dM). When M is a closed hyperbolic surface and = , the formula ([T]) 
has been obtained by Martin-McKee-Wambach |MMW] by trace formula methods, though 
obtaining the case D~ 7^ seems difficult by these methods. 

Theorem [1] is deduced in Section H] from the following equidistribution result that shows 
that the initial and terminal unit tangent vectors of common perpendiculars equidistribute 
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to the product measure of skinning measures. We denote the unit Dirac mass at a point z 
by A^. 



Theorem 2 For the weak-star convergence of measures on T^M x T^M, we have 



hm 5f WmpW e""^^* V e-/'-^ A, - O A, 

aePerp{D-,D+,t) 



Both results are vahd when M is a good orbifold instead of a manifold (for the appro- 
priate notion of multiplicities), and when D^,D^ are replaced by locally finite families 
(see Section [3.3p . 

The techniques of Section 2] allow to obtain in Section 14.21 the following generalization 
of |PP5| Theo. 1] which corresponds to the case F = 0, which itself generalised the ones in 
|Mar2l lEMl iRobl |PP3] when M has constant curvature, F = and D~ is a ball, a horoball 
or a totally geodesic submanifold. 

Theorem 3 Assume that the skinning measure is finite and nonzero. Then, as t 

tends to +00, the pushforwards {g^)*cr^- of the skinning measure of D~ by the geodesic 
flow equidistribute towards the Gibbs measure mp. 

In the cases when the geodesic flow is known to be exponentially mixing on T^M (see 
the works of Kleinbock-Margulis, Clozel, Dolgopyat, Stoyanov, Liverani, and Giulietti- 
Liverani-Pollicott, and Section [5] for definitions and precise references), we obtain an expo- 
nentially small error term in the equidistribution result of Theorem [3] (generalizing |PP5t 
Theo. 20] where F = 0) and in the approximation of the counting function jj+ q by 

the expression introduced in Theorem [TJ 

Theorem 4 Assume that M is compact and mp is exponentially mixing under the geodes- 
ic flow for the Holder regularity, or that M is locally symmetric, the boundary of is 
smooth, mp is finite, smooth, and exponentially mixing under the geodesic flow for the 
Sobolev regularity. Assume that the strong stable/unstable ball masses by the conditionals 
of mp are Holder- continuous in their radius. 

(1) As t tends to -\-oo, the pushforwards (g(*)^,(Tj_ of the skinning measure of by 
the geodesic flow equidistribute towards the Gibbs measure mp with exponential speed (see 
Theorem\2^for a precise statement). 

(2) There exists k > such that, as t ^ +00, 

dp \\mp\\ ^ ' 

See Section [5] for a discussion of the assumptions. Similar (sometimes more precise) 
error estimates were known earlier for the counting function in special cases of in 
constant curvature geometrically finite manifolds (often in small dimension) through the 
work of Huber, Selberg, Patterson, Lax-Phillips |LaP| . Cosentino |Cos| . Kontorovich-Oh 
pffl] . Lee-Oh [LiO] . 

We conclude this introduction by stating a simplified version of an application of The- 
orem [T] to the counting asymptotic of the images by the elements of a Kleinian group of a 
subset of its limit set when their diameters tend to 0. For instance, consider the picture 
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below produced by D. Wright's program kleinian, which is the hmit set of a free product 
r = To * Jo^olo^ of a quasifuchsian group Fq and its conjugate by a big power 70 of a 
loxodromic element whose attractive fixed point is contained in the bounded component 
of C — Ar, so that the limit set of F is a countable union of quasi-circles. As we will see in 
Section [4.4| the number of Jordan curves with diameter at least 1/T is equivalent to cT^ 
where c > and 5 G ]1, 2[ is the Hausdorff dimension of the picture. 




We will also prove in Corollary [25] that the number of connected components of the 
domain of discontinuity of a geometrically finite, non virtually quasifuchsian, discrete group 
of PSL2(C) with bounded and not totally disconnected limit set has such a growth. 

Corollary 5 Let T be a geometrically finite discrete group of isometrics of the upper half- 
space model ofW^, with bounded limit set AT in W^~^ = doo^^ — {00} (endowed with the 
usual Euclidean distance). Let S be the Hausdorff dimension of AT. Let Tq be a convex- 
cocompact subgroup of T with infinite index. Then, there exists an explicitable c > such 
that, as T ^ +00, 

Card{7 G r/Fo : diam(7Aro) > 1/T} ~ cT^ . 

This corollary is due to Oh-Shah [083] when the limit set of Tq is a round sphere. 
We refer to Corollary [24] for a more general version and to Section 14.41 for complements, 
generalizing results of Oh-Shah |0S3| . as well as for extensions to any rank one symmetric 
space. 

The results of this paper have been announced in the survey |PP6| . and arithmetic 
applications will be given in |PP7| . 

Acknowledgement: The first author thanks the Universite de Paris-Sud (Orsay) for a month of 
visiting professor where this work was started, and the FIM of ETH Ziirich for its support in 2011- 
2012 when this work was continued. The second author thanks the ETH in Ziirich for frequent 
stays during the writing of this paper. Both authors thank the Mittag-LefHer Institute where this 
paper was almost completed. 
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2 Geometry, dynamics and convexity 



Let M be a complete simply connected Riemannian manifold with (dimension at least 2 
and) pinched negative sectional curvature —6^ < K < —1, and let xq G M be a fixed 
basepoint. Let F be a nonelementary (not virtually nilpotent) discrete group of isometries 
of M, and let M be the quotient Riemannian orbifold T\M. 

In this section, we review the required background on negatively curved Riemannian 
manifolds seen as locally CAT(— k) spaces (see |BH| for definitions, proofs and comple- 
ments). We introduce the notation for the outward and inward pointing unit normal 
bundles of the boundary of a convex subset, and we define dynamical thickenings in the 
unit tangent bundle of subsets of these submanifolds, expanding on |PP5| . We give a pre- 
cise definition of common perpendiculars in Subsection 12.31 and we also give a procedure 
to construct them by dynamical means. 

For every e > 0, we denote by the closed e-neighbourhood of a subset A of any 

metric space, by jV^^A the set of points x E A at distance at least e from the complement 
of A, and by convention ^qA = A. 

2.1 Strong stable and unstable foliations, and Hamenstadt's distances 

We denote by dooM the boundary at infinity of M and by AF the limit set of F. 

We identify the unit tangent bundle T^N (endowed with Sasaki's Riemannian metric 
and its Riemannian distance) of a complete Riemannian manifold with the set of its 
locally geodesic lines £ : M — t- A^, by the inverse of the map sending a (locally) geodesic line 
£ to its (unit) tangent vector £{0) at time t = 0. We denote by vr : T^N — )• A^ the basepoint 
projection, given by Tr{£) = £{0). 

The geodesic flow on T^N is the smooth one-parameter group of diffeomorphisms 
{g^)tm of T^M, where gH{s) = i{s + t), for aU £ G T^N and s,t e R. The action of 
the isometry group of A^ on T^N by postcomposition (that is, by (7,^) 1— )• 70^) commutes 
with the geodesic flow. 

When F acts without fixed points on M, we have an identification T\T^M = T^M. 
More generally, we denote by T^M the quotient Riemannian orbifold T\T^M. We use the 
notation (g^)t<^K also for the (quotient) geodesic fiow on T^M. 

For every v £ T^M, let V- G dooM and G dooM, respectively, be the endpoints at 
—00 and +00 of the geodesic line defined by v. Let d'^M be the subset of dooM x dooM 
which consists of pairs of distinct points at infinity of M. Hopf's parametrisation of T^M 
is the homeomorphism which identifies T'^M with d'^M x M, by the map v 1— (u_,i;+,t), 
where t is the signed distance of the closest point to xq on the geodesic line defined by v 
to 7r(t;). We have g^(v-,v^,t) = {v-,v^,t + s) for all s G M, and for all 7 G F, we have 
7(w_ ,v+,t) = {-yv^ , 7W+ , t + t^, v-,v+) where t^, G M depends only on , V— , . 

Let i : T^M — t- T^M be the (Holder-continuous) antipodal (flip) map of T^M defined 
by iv = —V or, using geodesic lines, by if : i 1— >• v{—t). In Hopf's parametrisation, the 
antipodal map is the map (f_,f+,t) 1— )• (w+,f_,— t). We denote the quotient map of l 
again by t : T^M — > T^M, and call it the antipodal map of T^M. We have to = g~^ o i 
for ah t G M. _ 

The strong stable manifold v G T^M is 

W^'^v) = {v' G T^M : div{t),v' {t)) ^ as t ^ +00}, 
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and its strong unstable manifold is 



W^'^iv) = {v' G T^M : d{v{t),v' {t)) ^ as t ^ -oo}. 

The union for t E M of the images under of the strong stable manifold of w G T^M is the 
stable manifold (v) = [jt^^g^W^^{v) of v, which consists of the elements v' S T^M with 

v'j^ = V-\-. Similarly, W^i^v) = UteiR 5'*^^"^^)' which consists of the elements v' £ T^M 
with v'_ = v^, is the unstable manifold W^{v) of v. The maps from M x W^^{v) to W^{v) 
and from R x W^'^{v) to W'^{v) defined by {s,v') i— )• g^v' are smooth diffeomorphisms. 

The strong stable manifolds, stable manifolds, strong unstable manifolds and unstable 
manifolds are the (smooth) leaves of topological foliations that are invariant under the 
geodesic flow and the group of isometrics of M, denoted by W^^, W^, W^^ and respec- 
tively. These foliations are Holder-continuous when M has compact quotients by [Ano| 
or when M has pinched negative sectional curvature with bounded derivatives (see for 
instance |Bri| . |PPS1 Thm. 7.3]) and even smooth when M is symmetric. 

For any point ^ S 5ooM, let : [0, -|-oo[ — t- M be the geodesic ray with origin xq and 
point at infinity ^. The Busemann cocycle of M is the map (3 : M x M x dooM — )• M 
defined by 

{x,y,0 ^ l^i{x,y) = lim d{p^{t),x) -d{p^{t),y) . 

The above limit exists and is independent of xq. 

The projections in M of the strong unstable and 
strong stable manifolds of v G T^M, denoted by H^{v) = 
Tr[W^'"{v)) and H+{v) = 7r{W^'^{v)), are called, respec- 
tively, the unstable and stable horo spheres of v, and are 
said to be centered at V- and respectively. The unsta- 
ble horosphere of v coincides with the zero set of the map 
X I— >• /_ (x) = /3t,_ (x, '7r(t;)) and the stable horosphere of v co- 
incides with the zero set of x i— )■ /+(x) = /3u_,_(x, 7r(f )). The 
corresponding sublevel sets HB-{v) = fZ^{] — oo,0]) and 
HBj^{v) = /^""^(J — 00,0]) are called the horoballs bounded 
by H^[v) and H^{v). Horoballs are (strictly) convex sub- 
sets of M. 

For every v G T^M, let dyj/su^^) and dv(/ss(„) be Hamenstddt's distances on the strong 
unstable and strong stable leaf of u, defined as follows (see [HP1| Appendix] and compare 
with [Ham] ): for ah z G W''^{v), let 

dws.Uw,z)= hm ei'^("'W' ^W)-* , 

^ ' t— i> + 00 

and for all w\z' & W'''{v), let 

dw^Hv) {w', z) = dw^^Uv) i^w', iz') = lim ei'^("''(-*)' ^'(-*))-* . 

The above limits exist, and Hamenstadt's distances are distances inducing the original 
topology on W^^{v) and W^^{v). For all w,z & W^^{v), all w' ,z' G W^^{v), and for every 
isometry 7 of M, we have 

(iv(/su(^„) (7W, 72;) = (ivK="{i;) {w, z) and d^rss(^^^■^ {■jw' , ■jz') = d(4/ss(„) {w' , z) . 
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For all V G T^M and s G M. we have for all w,z £ W^^{v) 

dw^^(gsv){g''w,g^z) = e^dw^^{v){w,z) . (2) 

and for all w' ,z' G W^^{v) 

dw-^ig'^v) {g^w', g^z') = e~^dw<>o{v) {w' , z') . (3) 
Lemma 6 For all v G T^M, v' G W^^{v) and v" G W^^{v), we have 

d{TT{v),Tr{v')) < dwss(^^-j{v,v') and d{iT{v),TT{v")) < d^ysu(j,)(f , w") . 

Proof. We prove the first inequality, the second one follows by using the antipodal map. 

Let X = tt{v), x' = 7r{v') and p = 
dyi/ss(^)(f , v'). Consider the ideal triangle A with 
vertices V-,v'_ and — Let p G 
p' G and q G be the pairwise 

tangency points of horospheres centered at the 
vertices of A. These points are uniquely de- 
fined by the equations I3v^{p,p') = Pv-{p-,q) = 
Pv' (p'tQ) = 0. By the definition of Hamen- 
stadt's distance, the algebraic distance from p 
to X on the geodesic line (oriented from 

V- to v^) is — In p. 

Consider the ideal triangle A in the upper halfplane 
model of the real hyperbolic plane H^, with vertices 
— ^, I and oo. Let p = (— i, 1), p' = 1) and q = 
(0, i) be the pairwise tangency points of horospheres 
centered at the vertices of A. Let x and x' be the 
point at algebraic (hyperbolic) distance — In p from p 
and p' , respectively, on the upwards oriented vertical 
line through them. By comparison, we have d{x, x') < 
d{x,x') <l/e-^''P = p. □ 

2.2 Dynamical thickening of outer and inner unit normal bundles 

Let D he a. nonempty proper (that is, different from M) closed convex subset in M . We 
denote by dD its boundary in M and by dooD its set of points at infinity. In this subsection, 
we recall from [PP5j the definition of the outer unit normal bundle of dD, the dynamical 
thickenings of its subsets, and we extend these definitions to the inner unit normal bundle 
of dD. _ _ 

Let Pd : M U {dooM — dooD) — )• Z) be the (continuous) closest point map defined on 
^ G dooM — dfx>D by setting Pd{C) to be the unique point in D that minimises the function 
y I—)- f3^(y,xo) from D to M. The outer unit normal bundle d\D of the boundary of D 
is the topological submanifold of T^M consisting of the geodesic lines : M — )• M with 
Pd{vj^) = f (0). The inner unit normal bundle of the boundary of D is 9lD = id\D. Note 
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that 7r(5j_Z?) = dD, that d\HB_{v) is the strong unstable manifold W^^{v) of v and that 
W^^{v) = d\HBj^{v). When D is a totally geodesic submanifold of M, then d\D = d^D. 

The restriction of Pd to dooM — dooD is not injective in general, but the inverse 
of the restriction to d}^D of the (positive) endpoint map v ^ v+ is a, natural lift of Pd 
to a homeomorphism from dooM — dooD to d\^D such that vr o P^ = Pjj. Similarly, 
Pj^ = io Pj^ : dooM — dooD — t- 9lD is a homeomorphism such that vr o = P^. 

For every isometry 7 of M, we have d\.{'^D) = jd^-D and 07 = 70 P^. In 

particular, d].D is invariant under the isometrics of M that preserve D. For all t > 0, we 
have g^^dlD = d\{JiD). 
We define 

^+ = {ve T^M : v+ i dooD] (4) 

and 

^- = {ve T^M : w_ ^ dooD] = 6^+ . (5) 

Note that is an open subset of T^M, invariant under the geodesic flow. We have 
= 7'^^ for every isometry 7 of M and, in particular, is invariant under the 
isometries of M preserving D. 

Define a map : — )• dl^D as the composition of the 
positive endpoint map from onto d^oM — dooD and the 
homeomorphism P^ from d^oM — dooD to d^D. The map 

is a fibration as the composition of such a map with the 
homeomorphism P^. The fiber oi w ^ d^D for is exactly 
the stable leaf 

W^'iw) = {v€ T^M : v+ = w+} . 

Analogously, we define a fibration fQ=iof^oi'- —t- (911) as the composition of the 
negative endpoint map and the map P^, for which the fiber oi w ^ d^D is the unstable 
leaf 

W'^iw) = {ve T^M : u_ = w^}. 
For every isometry 7 of M, we have 

f^D°l = ^°fD- (6) 

We have f^^jj = 5^* o for all t > 0, and f^og^ = for aU t G M. In particular, the 
fibrations are invariant under the geodesic flow. 

The next result will only be used for the error term estimates in Section [5l Note that 
if M is a symmetric space (in which case the strong stable and unstable foliations are 
smooth, and the sphere at inflnity has a smooth structure such that the maps v 
from W^^{w) to dooM — {w-} and v V- from W^^{w) to dooM — {w+} are smooth), 
and if D has smooth boundary, then the fibrations are smooth. 

Recall that a map f : X ^ Y between two metric spaces is (uniformly locally) Holder- 
continuous if there exist c, c' > and a G ]0, 1] such that d{f{x), f{y)) < c d{x, y)" for all 
x,y £ X with d{x,y) < c' . 
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Lemma 7 The maps fj-^ are Holder- continuous on the set of elements v S such that 
d{7r{v),7r{f^(v))) is bounded. 

Proof. We prove the result for the one for follows similarly. For all u,u' G T^M, 
denote the geodesic lines they define by 1 1— )• , , and let 

u') = exp(— sup{t > : sup d{us,Ug)<l}) and 62{u,u') = sup d{ut,u^) . 

se[-t,t] te[o,i] 

with the convention 5i{u,u') = 1 if d{uQ,UQ) > 1 and 5i{u,u') = u = u' . By for 
instance [BaT, page 70], the maps 6i, 62 are distances on T^M which are Holder-equivalent 
to Sasaki's distance. 




Let v,v' E r^M be such that d{vo,VQ) < 1, let w = f^{v) and w' = f^{v'). Let 
T = sup{t > : supg^^Q^-^d{vs,Vg) < 1}, so that 6i{v,v') > e~^ . We may assume that 
T is finite, otherwise — hence w = w' . Let x = vt and x' = v'j,, which satisfy 
d{x,x') < 1. Let y (respectively y') be the closest point to x (respectively x') on the 
geodesic ray defined by w (respectively w'). By convexity, since d{vo,WQ) and d{vQ,WQ) 
are bounded by a constant c > and since v+ = w+,v'j^ = w'_^, we have d{x,y) < c and 
d{x',y') < c. By the triangle inequality, we have d{y,y') < 2c+ 1, d{y,wi) > T — 2c — 1 
and d{y' , w'l) > T — 2c — 1. By convexity, and since projection maps exponentially decrease 
the distances, there exists a constant c' > such that 

S2{w,w') = d{wi,w'^) < c'd(y,y')e"^^"^'"^^ < c{2c+l)e^^+^ di{v,v'). 



The result follows. 

Let ri,7]' > 0. For ah w G T^M, let 



□ 



and 



B+iw,r]') = {v' G W{w) : d^^s^^^iv' ,w) < rj'} (7) 



B-{w,r,') = W G W'^'iw) : dwsu^^){v' ,w) < r,'} (8) 



be the open balls of radius r]' centered at w for Hamenstadt's 
distance in the strong stable and strong unstable leaves of w. 
Let 

sG ]-ri,-q[ 

We have B~[w,r]') = lB'^ {iw,rj') hence V 




w,rj,ri' 



^Cr,,^'- We have 



g'B^{w,v')=B^{g'w,e^'r^') hence g'V^^^^^,=V^ 



± 



(9) 
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for all s E M. For every isometry 7 of M, we have 'yB^{w, r]') = B^{'yw, r]') and 'jV^^ ^1 = 

^■yw,v,v' ■ ] - V,V[ ><B^{w,ri') to y^^r),v' defined by {s,v') 1-^ g'^v' is a 

homeomorphism. 

For all subsets 0^ of a|D and 0+ of dlD, let 

For every isometry 7 of M, we have 7^^^/(f^^) = ^%'(7^^) every t > 0, we have 

5^*r^%,(J^^) = r±_.^,(5±*f]^). (10) 

The thickenings (or dynamical neighbourhoods) ^^^/(^^^) are nondecreasing in r] and in ?]' 
and their intersections and unions satisfy 

rj , r]'>0 r] , ri'>0 

The restriction of to 'f'^,^,{yt^) is a fibration over Vt^ , whose fiber over w S is the 
open subset , of the stable /unstable leaf of w. 

2.3 Creating common perpendiculars 

We start this subsection by giving a precise definition of the main objects in this paper we 
are interested in. 

For any two closed convex subsets and of M, we say that a geodesic arc 
a : [0, r] — )• M, where T > 0, is a common perpendicular from D~ to if its initial 
tangent vector d(0) belongs to d^D^ and if its terminal tangent vector a{T) belongs to 
d\D~^ . It is important to think of common perpendiculars as oriented arcs (from D~ to 
D^). Note that there exists a common perpendicular from to if and only if 
and are nonempty and the closures D~ and Z)+ of D~ and in the compactification 
M U dooM are disjoint. Also note that a common perpendicular from D~ to D^, if it 
exists, is unique. 

When D~ and Z)+ are disjoint, and when dD^ and dD~^ are C^-submanifolds (for 
instance, by |Wal| . if are closed e-neighbourhoods of nonempty convex subsets of M 
for some e > 0), this definition of a common perpendicular corresponds to the usual one. 
But there are interesting closed convex subsets that do not have this boundary regularity, 
such as in general the convex hulls of limits sets of nonelementary discrete groups of 
isometrics of M. Although it would be possible to take the closed e-neighbourhood, to 
count common perpendiculars in the usual sense, and then to take a limit as e goes to 0, 
it is more natural to work directly in the above generality (see |PP6| Sect. 3.2] for further 
comments) . 

The aim of this paper is to count orbits of common perpendiculars between two equiv- 
ariant families of closed convex subsets of M. The crucial remark is that two nonempty 
proper closed convex subsets D~ and of M have a common perpendicular a of length 
a given i > if and only if the pushforwards and pullbacks by the geodesic flow at time 
I of the outer and inner normal bundles of D~ and D~^, that is the subsets g^d^D" and 
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g~2d\D^ of T^M, intersect. Then their intersection is the singleton consisting of the 
tangent vector of a at its midpoint. 

In this subsection, we relate the existence of a common perpendicular (and its length) 
from to with the intersection properties in T^M of the dynamical neighbourhoods 
of the outer and inner normal bundles of D~ and introduced in the previous subsection, 
pushed/pulled equal amounts by the geodesic flow. 

Lemma 8 For every R > 0, there exist tQ,Co > such that for all rj £ ]0, 1] and all 
t G [to,+oo[, for all nonempty closed convex subsets D~,D~^ in M, and for all w G 
n g''^/'^'V^^{D^), there exist s E ] — 2r],2rj[ and a common perpendicular c 
from to such that 

• the length of c is contained in [t + s — Cq e~ 5 , t + s + cq e~ 2], 

• if = f^:f{w) and if p^ is the endpoint ofc in , then d{'K(w^),p^) < cq e~2^ 

• the basepoint tt{w) of w is at distance at most Coe~2 from a point ofc, and 

max{ d{7T{g2w^),n{w)), d{TT{g^2w^),7T{w)) } < r/ + cq e~ 2 . 




Proof. Let t > 3 and rj G ]0, 1]. By definition of the dynamical neighbourhoods "^^jiiD^), 
there exist G d^D^ and G ] — r/, +r][ such that 

dw''{w'){9~^~'^ w,w~) < R and dvi/su(w+)((72+^^t(;, < R . 

Let = 7r(t(;^), y = t^{w), and let a~ (respectively a^) be the angle at x~ (respectively 
x^) between w~ (respectively iw~^) and the geodesic segment [x^jX^]. 

Step 1. Let a~ (respectively a"*") be the angle at 
(respectively x"*") between the outer normal vector 
w~ (respectively iw'^) and the geodesic segment y] 
(respectively [x~^ , y] ) . Let be the angle at y between 
■iiw and the geodesic segment [y, x^] . Let us prove that 
there exist two constants ti,ci > depending only on 
R such that if i > 1 1 then a ^ , < ci e~ 2 . 

By Lemma [6] and Equation ([3]), we have 

d{TT{g~^~'' w),x~) < dwss(^y,~){g~^~'' w,w~)<R, 
d{y,TT{gi+''w-)) < dw..^^){w,g^^'~ w') < Re~^~'~ . (11) 
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In particular, 



d{7r{w),TT{g2w )) < d{y,TT{g2+^ w )) + \s \ < Re 2 + ij < co e 2 -\- rj 

if we assume, as we may, that cq > Re^'. With a similar argument for w+, this proves the 
last formula of Lemma [H 

Recall that by a hyperbolic trigonometric formula (see for instance |Bea| page 147]), 
for any geodesic triangle in the real hyperbolic plane, with angles a, /?, 7 and opposite side 
lengths a,b,c, if 7 > ^, then tana < which is at most if c > a by the 

triangle inequality. By comparison, if t > 2{R + 2) (which implies that | + — i? > 1), 
we hence have 

max{tana",tan/3"| < -7 — < 4e"^~'' 

With a symmetric argument for a+,/3+, the result follows. 

Step 2. Let a ^ be the angles at x+ of the geodesic 
triangle with vertices X-,x^,y. Let y' be the closest 
point to y on the side Let us prove that 

there exist two constants t2,C2 > depending only 
on R such that if t > t2 then a ^, d{y, y') < C2 e 



2 . 







^7r-/3- -/?+ 


X 




n ^ V" ~ 


• 1 

y 
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Since the angle Zy(x~,x^) is at least vr — /3~ — j3+ , at least one of the two angles 
Zy{y',x+) is at least . By a comparison argument applied to one of the two 

triangles with vertices (y,y',x^), as in the end of the first step, we have tan < 
. , }, — T\- Hence 

smn d(y, y') 



d{y, y') < sinh d{y, y') < tan ^ ^ ^ 



2 

and the desired majoration of d{y, y') follows from Step 1. By the same argument, we have 
tana^ < sinh(tj(x±,!/)-d(y y')) ' ^'^'^^^ d{x^ , y) > ^ — — Re~2~^ by the inverse triangle 
inequality and Equation (|lip . the desired majoration of follows. 

Step 3. Let us prove that there exist two constants ^3,03 > depending only on R 
such that a t > then there exists a common perpendicular c = [p",])"^] from to D+ 
such that d{x^ , p^) , d(x+ , p+) < C3 e~2 . This will prove the second point of Lemma |8] (if 
to > h and cq > C3). 

By the first two steps, we have, if t > m.m{ti,t2}, 

<a^ < {ci+C2)e~^ . (12) 

Assume by absurd that the intersection of the closures of D~ and D+ in AIUdooM contains 
a point z. Then by convexity of D+, and since the distance d{x~ ,x+) is big and the angles 

are small if t is big, the angles at x^ of the geodesic triangle with vertices z, x" ,x+ are 
almost at least ^, which is impossible since M is CAT(— 1). Hence the nonempty closed 
convex subsets D~ and D+ have a common perpendicular c = with p+ S D+. 

Consider the geodesic quadrilateral Q with vertices x^,p^. By convexity of its 
angles at p+ are at least ^ and its angles at x+ are at least ^ — a+ . Note that if f > = 
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2(R + C2 + 1 + argsinh 2) then we have, by Step 2, 



d{x ,x'^)>d{x ,y) + d{y,x^) 



R) 



R) 



2 C2 e 2 > 2 argsinh 2 . 



(13) 



Up to replacing Q by a comparison quadrilateral (obtained by gluing two comparison 
triangles) in the real hyperbolic plane H^, having the same side lengths and bigger angles, 
we may assume that M = and that x~ and x^ are on the same side of the geodesic line 
through p^,p^. Up to replacing Q by a quadrilateral having same distances d{x^ ,x^), 
d{x~ ,p~), d{x^ ,p'^) and bigger angles at x~ ,x^, we may assume that the angles at p^ ,p'^ 
are exactly ^. If, say, the angle at x"*" was bigger than the angle at x~ , up to replacing x'^ 
by a point on the geodesic line through p'^,x~^ on the other side of x~^ than p^ if p"*" ^ x~^ , 
which increases d{x~,x~^), d{x^,p'^), decreases the angle at x~^ and increases the angle at 
x^ , we may assume that the angles at x^ are equal, and we denote this common value by 
(j) > ^ — min{a~, 

Let bi = ^d{x~ ,x^) and 62 = d{x~,p~) = 
d{x^,p^). By formulas of |Bea| page 157] on Lam- 
bert quadrilaterals, we have 



cosh 62 



sinh6 




cos^ 



\/ sinh^ 61 sin^ < 

By Equation (fT2l) . with C2 = Ci + C2, let t2 > be a constant, depending only on R, 



such that if t > then sin0 > maxjcosa } > 1 — C2 e > 1/2. By Equation (jl3p . if 
t >t'2, then 61 > | — -R— 1 — C2 > argsinh 2 (and in particular 1/ sinhfti < 1/2). Hence, if 
t > max{t2,i2)}i then 



cosh 62 < 



< 



sm 



-t\2 



sinh"^ bi 



sinh^(f -i?-l-C2) 



l + 0(e 



Since cosh u ~ 1 + ^ as ti 



0, Step 3 follows. 



Step 4. Let us now conclude the proof of Lemma [8j 

Let t > to = max{f2, ^3, 3}, cq = max{2e^i?, 2(02+03)} and, with the previous notation, 
let s = s~ + s"*" G ] — 2?7, 2ry[ . By convexity, the triangle inequality and Equation (jlip . we 
have 

d{p ,P^) < d{x^ ,x'^) < d{x^ , y) + d{'y, x^) 

< (^ + s" + i?e"^"^") + (^ + s+ + i?e"5-^+) <t + s + coe-'^ . 

Similarly, using Step 3 and Step 2, we have 

d{p -,P^) > d{x^ ,x'^) — d{p^ ,x^) — d{x^ ,p'^) > d{x^ ,x^) — 2c3 e^2 

> d{x~,y) + d{y, x+) - 2d{y, y) - 2 cs e"5 

> (^ + S-) + (^ + s+) - 2(c2 + C3) > t + s - Co e-5 . 
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Let y" be the closest point to y' on the common perpendicular \p ^p'^] (see the picture 
before this proof). Then, by Step 2, and by convexity and Step 3, we have 



d{y,y") <d{y,y') + d{y',y") <C2e 2+036 2<coe 2. 



This concludes the proof of Lemma [HI 



□ 



2.4 Pushing measures by branched covers 

All measures in this paper are nonnegative Borel measures. 

In Section [3] and Section HI we will need to associate to a F-invariant measure on T^M 
or to a r X F-invariant measure on T^M xT^M (which is in general infinite) a measure 
on T^M or T^M x T^M (hopefully finite), in a continuous way. For lack of references, we 
recall here the construction (which is not the standard pushforward of measures), not-so- 
well-known when F has torsion. 

Let X be a locally compact metrisable space, endowed with a proper (but not necessar- 
ily free) action of a discrete group G. Let p : X ^ X = G\X be the canonical projection. 
Let /I be a locally finite G-invariant measure on X . 

Note that the map from X to N — {0} sending a point x £ X to the order of its 
stabiliser in G is upper semi-continuous. In particular, for every n > 1, the G-invariant 
subset Xn = N^^{{n}) is locally closed, hence locally compact metrisable and pt|^ is a 

locally finite G-invariant measure on X„. With X„ = p{Xn), the restriction : Xn — )• 
Xn is a local homeomorphism. Since Jl is G-invariant, there exists a unique measure /i„ 
on Xn such that the map p^^ locally preserves the measure. Now, considering a measure 
on Xn as a measure on X with support in X„, define 



which is a locally finite measure on X, called the measure induced by Jl on X. 

Note that if Jl gives measure to the set A^~^([2, +cxd[) of fixed points of non-trivial 
elements of G, then = /xi, and the above construction is not needed. 

If X' is another locally compact metrisable space, endowed with a proper action of a 
discrete group G', if Jl' is a locally finite G'-invariant measure on X', with induced measure 
/i' on G'\X' , then the measure, on the product of the quotient spaces G\X x G'\X' , 
induced by the product measure J1®J1', is the product /i (8) /i' of the induced measures. 

It is easy to check that the map Jl fi from the space of locally finite measures on X 
to the space of locally finite measures on X, both endowed with their weak-star topologies, 
is continuous. 

Recall (see for instance [Bill IPart] ) that the narrow topology on the set ^f(Y) of finite 
measures on a locally compact metrisable space Y is the smallest topology on ^f(Y) such 
that, for every bounded continuous map g : Y ^ M, the map from ^f{Y) to M defined by 
/X I—)- fj,{g) is continuous. 

It is easy to check that if Jlk for /c G N and Jl are G-invariant locally finite measures on 
X, with finite induced measures on X, such that for every Borel subset B of X such that 
J1{B) is finite and Jl(dB) = 0, we have limfc_j.oo /Ufc(i3) = J1{B), then the sequence {^k)ke'N 
narrowly converges to /x. 




n>l 
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3 Potentials, cocycles and measures 



Let M, xq, r and M be as in the beginning of Section [2j In our main result, we will count 
common perpendicular arcs between two locally convex subsets of M using weights defined 
by a fixed potential. We introduce in this section, besides the potential themselves, the 
basic properties of the measure-theoretic structure induced by a potential on T^M and 
T^M, in particular in connection with (families of) convex subsets of M. 

For any Riemannian orbifold A^, we denote by ^d^) the space of continuous real-valued 
functions on with compact support. 



3.1 Potentials, Patterson densities and Gibbs measures 

The content of this subsection is extracted from [PPS| , to which we refer for the proofs of 
the claims and for more details. 

Let : r^M — )■ R be a fixed bounded Holder-continuous F-invariant function, called 
a potential on T^M. The potential F induces a bounded Holder-continuous function F : 
T^M —7- M, called a potential on T^M. We will also consider the potential F o l on T^M 
and its induced potential F o i on T^M. 

For any two distinct points x,y G M, let Vxy S be the initial tangent vector of 

the oriented geodesic segment [x, y] in M that connects x to y. The F- weighted length of 
the segment a = [x,y] is 

cy _ rd.{x,y) 



F= F= F{g'vxy) dt 

Ja Jx Jo 



and we set F = for ah x G M. Note that H F = ^ F o l. 

Since F is Holder-continuous (see |PPS1 Lem. 3.2]), there exist two constants ci > 0, 
C2 G ]0, 1] such that for all x, x' , y,y' £ M with d{x, x') < 1 and d{y, y') < 1, we have 



y 



F- / F 



< ci d{x, xT + ci d{y, yT + \\F\\oo {d{x, x') + d{y, y')) . (14) 

The critical exponent of F is 

6f = lim sup — log e^^ ^ . 

n— >-+oo n -r^ -, ,/ ^ ^ 

7Gi , n—l<d(x,'yy)<n 

The above upper limit is finite since F is bounded, is independent of x, y, and in particular 

6f = Spot. ■ 

In what follows, we assume that 5f is positive (which is the case up to adding a constant 
to F, since 6F+a = Sf + cr). By |PPS| Theo. 6.1], the critical exponent 6f is equal to the 
pressure of F on T^M, see the Introduction for the definition of the pressure. 

The (normalised) Gibbs cocycle associated with the group F and the potential F is the 
function C+ : dooM x M x M ^ R defined by 

iC,x,y)^C+ix,y)= lim [^\f - 6^) - [^\f - 6f) , 
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where t i— )• is any geodesic ray with endpoint ^ S d^oM. (Note the order of y and x on 
the right-hand side.) The above limit exists. We denote by C~ the Gibbs cocycle of the 
potential F o l. If F = 0, then C~ = = Srf3, where /3 is the Busemann cocycle defined 
in Section [2] and (5^? = (5r is the usual critical exponent of T. 

The Gibbs cocycles satisfy the following equivariance and cocycle properties: For all 
^ G dooM and x,y,z € M, and for every isometry 7 of M, we have 



C^^{lx,^y) = C^{x,y) and C±(x, z) + y) = C±(x, y) . 



(15) 



If X is a point in the (image of the) geodesic ray from y to ^, then C^{x, y) = J^{F — dp)- 

Hence for every w G T^M, for all x and y on the image of the geodesic line defined by w, 
with W-,x,y,W-^- in this order, we have 



Cn,^{x,y) = C^Ay,x) = -C^ (x,y) 



{F - 6f) 



(16) 



By taking limits in Equation (jl4p . there exist two constants ci > 0, C2 G ]0, 1] such that 
for all ^ G dooM and z,z' £ M with d{z, z') < 1, we have 



CHz, z) < ci d{z, zT + \\F\\oo d{z, z') . 



(17) 



A family (/^^ )^g]g (respectively (^^ )x£M ) °^ finite measures on dooM, whose support is 

the limit set AF of F, is a Patterson density of dimension Sp for the pair (F, F) (respectively 
(F,Foi))if 

for all 7 G F and all x G M, and if the following Radon-Nikodym derivatives exist for all 
x,y £ M and satisfy for all G dooM 

^(^) = g-^f (^'2^) . 
dn^ 

We fix two Patterson densities (/i^)^g^ and {f^x)x£M dimension 5f for the pairs 
{T,F) and {T,Fol), respectively, which exists. The Gibbs measure on T^M for F (associ- 
ated to this ordered pair of Patterson densities) is the measure mp on T^M given by the 
density 

dmpiv) = e^""-(^o,-M) + c++(xo,-M) dn~^{v.) dnt,{v+) dt (18) 

in Hopf's parametrisation. The Gibbs measure is independent of xq, and it is invariant 
under the actions of the group F and of the geodesic flow. Thus (see Section 12. 4p . it 
defines a measure m-i? on T^M which is invariant under the quotient geodesic flow, called 
the Gibbs measure on T^M. If mi? is finite, then the Patterson densities are unique up 
to a multiplicative constant; hence the Gibbs measure of F is uniquely defined, up to a 
multiplicative constant, and, when normalised to be a probability measure, it is the unique 
measure of maximal pressure of the geodesic flow for the potential F. If i*" = and 
the Patterson densities coincide, the Gibbs measure coincides with the Bowen-Margulis 
measure (associated to this Patterson density) which, when flnite and normalised to be a 
probability measure, is the unique measure of maximal entropy of the geodesic flow. If 
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M is compact and F{v) = — J^|f=o log Jac(g*|vi/su(j,))(t;), then the Gibbs measure coincides 
with the Liouvihe measure (see jPPS. §7] for extensions of this result). 

Babillot |Babl Thm. 1] showed that if the Gibbs measure is finite, then it is mixing 
for the geodesic flow of M if the length spectrum of M is not contained in a discrete 
subgroup of R. This condition is satisfied, for example, if F has a parabolic element, if AF 
is not totally disconnected (hence if M is compact), or if M is a surface or a (rank-one) 
symmetric space, see for instance |Dall| lDal2| . 

We refer to |PPS1 §8] for finiteness criteria of mi;'. In particular, if F is geometrically 
finite (see for instance |Bow| for a definition), if ||-F||oo < \{^T — ^Vp) for every parabolic 
fixed point p of F in d^oM, where is the critical exponent of the stabiliser Fp of p in F, 
then mp is finite (see [PPSl Coro. 8.6]). 

3.2 Skinning measures 

Let D be a nonempty proper closed convex subset of M. The (outer) skinning measure 
on d^D (associated to the Patterson density (A*|^)^gj^ for {T,F)) is the measure = 
cr^ p on d\D defined, using the positive endpoint homeomorphism u i— )• from d]_D to 

dooM - dooD, by 

d5+(t;) = e^"'+(^-^-(^+))d^+(^+), 
and the (inner) skinning measure on d^D = id\D (associated to the Patterson density 
if^x)x£M ^'^^ ^ ° '"^^ measure cr^ = i^*^^ ^ defined, using the negative endpoint 

homeomorphism v ^ v_ from d\D to d^M — d^D, by 

c&^(t;) = e^-(^»'^-(^-))d/.-(^_). 

Since Pd{v±) = t^{v) for every v S d\.D, we will often replace Pd{v±) by t:{v) in the above 
formulas when there is no doubt on what v is. 

When F = 0, the skinning measure has been defined by Oh and Shah [OS2j for the 
outer unit normal bundles of spheres, horospheres and totally geodesic subspaces in real 
hyperbolic spaces, and the definition was generalised in |PP5| to the outer unit normal 
bundles of nonempty proper closed convex sets in variable negative curvature. We refer to 
|PP5) for more background. 

Remarks (1) A potential F is said to be reversible if there exists a Holder-continuous 
F-invariant function G : T^Af — )• M which is differentiable along the fiow lines and satisfies 

F{v)-Foi{v) = ^ G{g'v) 
at \t=o 

for all V G T^M. When F is reversible (and in particular when F = 0), we have = C^, 
we may (and will) take fi~ = for all x G M, hence L^rhp = mp, and cr^ = L^a~^. 

(2) 11 D = {x} is a singleton, we have dj^D = T^M and 

da%{v) = dfi^{v±) . 

(3) The (normalised) Gibbs cocycle being unchanged under replacing the potential F by the 
potential F + a for any constant a, we may (and will) take the Patterson densities, hence 
the Gibbs measure and the skinning measures, to be unchanged by such a replacement. 



18 



The following results give the basic properties of the skinning measures analogous to 
those in |PP5| Sect. 3] when the potential is zero. 

Proposition 9 Let D be a nonempty proper closed convex subset of M , and let be the 
skinning measures on dj.D for the potential F. 

(i) The skinning measures are independent of xq. 

(ii) For all 'j £ T, we have 7*5^ = o'^d- In particular, the measures are invariant 
under the stabiliser of D inV. 

(Hi) For all s >Q and w G d\D, we have 

d{9^')*(^D(+s„ A _ „-C± (^(«;),^(g±=«,)) _ I e^-f™) ^ " if ± = + 



"■'^J'sD y e-'^'^s-'y^y otherwise . 

(iv) The support ofa^ is {v G d\D : v± G KT] = P^{AT - {AT D dooD)). In particular, 
cr^ is the zero measure if and only if AT is contained in d^oF)- 

Proof. We give details only for the proof of claim (iii) for the measure 5 J, the case of 
CT^ being similar, and the proofs of the other claims being straightforward modifications 
of those in |PP51 Prop. 4]. Since {g^w)j^ = Wj^ and w G d\D if and only if g^w G 
we have, using the definition of the skinning measure and the cocycle property (jl5p . for all 
s > 0, 

which proves the claim (iii) for trj, using Equation (fT6|) . □ 

Given two nonempty closed convex subsets D and D' of M, let A£)^£)i = dooM — 
{dooDUdooD') and let h^ j^, : P^{An,D') PD'i'^D,D') be the restriction of P^,o(P^)-i 
to P^{Ad^d'). It is a homeomorphism between open subsets of d].D and d].D', associating 
to the element w in the domain the unique element w' in the range with vj'_i_ = w±. The 
simple proof of Proposition 5 of |PP5| generalises immediately to give the following result. 

Proposition 10 Let D and D' be nonempty closed convex subsets of M and = j-^,. 

The measures (/i^)* anda^, on P^,{Ad^d') are absolutely continuous one with respect 
to the other, with 



± 



da^, 

for all w G P^(^£)^£)') and w' = h^{w). □ 

The skinning measures associated with horoballs are of particular importance in this 
paper. Let w G T^M. We denote the skinning measures on the strong stable and strong 
unstable leaves W^^{w) and W^^{w) of w by 

For future use, using the homeomorphisms v from W^^(w) to dooM — {w^} and 

v I— )• f _ from W^^{w) to dooM — we have 

dl^w^H^)i^) = e'=^^'V(-o-'^(-)) d^,t,{v+) (19) 
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and 

df^w^^Mi^) = e^-(^-^(^» df,-^{v.) . (20) 
It follows from (ii) of Proposition [9] that, for all 7 G F, we have 

It follows from (iii) that for all t > and w G T'^M, we have for all v G W^^{w), 
and for aU v G W^"-{w), 



df^W^'^ig'^w) 



The homeomorphisms {s,v') i— )• u = g'^v' from M x W^^{w) to W^{w) and from M x 
W^^{w) to W^{w) conjugate the action of M by translation on the first factor to the 
geodesic flow. Using them, we define, for all w G T^M, the measures on W^{w) and 
i'^ on W^lw) by the densities 

dz.^(^) = e^»+ -(^')) rf/ii^.(^)(^;') (23) 

and 

dz.+ (^) = e^»- -(^')) ds ..(^)(^') . (24) 

The importance of these measures will be seen in Proposition [131 where they will be shown 
to be the conditional measures on the pointed stable/unstable leaves of the Gibbs measure 
rhp- Note that the measures depend in general on w (and not only on the stable and 
unstable leaves of w as when F = 0). They are invariant under the geodesic flow: for all 
t G M, we have 

(g'Ut = ■ (25) 

For all 7 G F, we have 7*J^^ = z^^. The supports of and are respectively {v G 
W^{w) : G AF} and {v G W^{w) : v+ G AF}. We give two other properties of the 
measures in the next two lemmas. 

Lemma 11 For all w G T^M and t > 0, we have 

^± ^ C±^(T(i«),7r(g±*«,)) ^± 



only absolutely continuous one with respect to the other). 



Note that this result proves that the measures t'git^ and are proportional (and not 



Proof. Let us prove the claim for u^. Note that if {s,v') i— )• w = g^v' is the considered 
homeomorphism from M x W^^{w) to W^{w), then {s,g^v') i— )• u = g^v' is the considered 
homeomorphism from M x W^^{g^w) to W'^{g^'w) = W^i^w). Using the definition of v^, 
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Equation (|22p , the cocycle property of C , again the definition of , and finally Equation 
([16]), we have, for all v G W^{w) and t >0, 

^ gC*™- (tCs'i"), 7r(u)))+C~_ (7r(«)), 7r(t;')) , , + / 

which proves the claim. The proof of the other claim is similar, using Equation (|2ip . □ 

Lemma 12 For every nonempty proper closed convex subset D' in M , there exists Rq > Q 
such that for all R> Rq and r] > 0, for every w £ d\D' , we have v^iY^ ^ fj) > 0. 

Proof. By [PP51 Lem. 7], there exists Rq > (depending only on D' and on the 
Patterson densities) such that for all R > Rq, w G ^}^_D' and vo' G d^D', we have 
fj,^ssf^_^^{B^{vu, R)) > and iJ.^^^^_^,^{B~ {w' , R)) > 0. The result hence follows by the 
definitions of and ^. □ 

The following disintegration result of the Gibbs measure over the skinning measures of 
any closed convex subset is a crucial tool for the counting result in Section [H Recall the 
definitions (HD, ([S]) of the fiow-invariant open sets and the fibrations : d]_D 
from Subsection 12.21 

Proposition 13 Let D be a nonempty proper closed convex subset of M . The restriction 
to of the Gibbs measure mp disintegrates by the fibration f^ : — )• d\D, over 
the skinning measure of D, with conditional measure on the fiber {f^)~^{w) of 
w G dlD: 

dmFio^±iv) = / dv^{v) da^{w) . 
' Jwed^D 

Proof. To prove the claim for the fibration let (p 6 '^ci^o )- Using in the various 
steps below: 

• Hopf's parametrisation with time parameter t and the definition of m-i;', 

• the positive endpoint homeomorphism w i— t- Wj^ from dlD to dooM - dooD, and 
the negative endpoint homeomorphism v' i— )• v'_ from W^^{w) to d^oM — {w^}, with 
s G M the real parameter such that v' = g~^v G W^^{w), noting that t — s depends 
only on w+ = w+ and V- = v'_, 

• the definitions of the measures /^;yss(^„) and 5 J and the cocycle properties of C^, 

• Equation (fT6]l and the cocycle properties of C+ , 
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we have 

(l>{v) drhp{v) 



r I f 



v)e ~ + dsdfj.^^[v_)diJ.l^[w+) 



) e + dsdn^,,,Jv)da+{'w) 

which imphes the claim. The proof for the fibration is similar. □ 

In particular, for every u G T^M, applying the above proposition to D = HB^{u) for 
which d\D = W'^iu) and 

= T^M - W\iu) = y W\w) , 

w)GVK="(m) 

the restriction to T^M - W%lu) of the Gibbs measure mp disintegrates over the strong 
unstable measure /^^su(„)) with conditional measure on the fiber W^{w) of w S W^^{u) 

the measure for every (j) G 'i^dT^M — W^{lu)), we have 
(j){v) drhp{v) 

j j ,^(/z;')e^»+ (26) 

Note that if the Patterson densities are atomless (for instance if the Gibbs measure mp 
is finite, see |PPS1 §5.3]), then the stable and unstable leaves have measure zero for the 
associated Gibbs measure. 

3.3 Equivariant families and multiplicities 

Equivariant families. Let / be an index set endowed with a left action (7, i) 1— )■ ji of F. 
A family ^ = {Di)i^j of subsets of M or T^M indexed by / is T-equivariant if jDi = D^i 
for all 7 G r and i £ I. We equip the index set I with the F-equivariant equivalence 
relation ~ (to shorten the notation, we do not indicate that ~ depends on defined by 
setting i ~ J if and only if there exists 7 G Stabr Di such that j = ji (or equivalently if 
Dj = Di and j = ji for some 7 G F) . Note that F acts on the left on the set of equivalence 
classes //^. 

An example of such a family is given by fixing a subset Z? of M or T^M, by setting 
/ = F with the left action by translations (7,^) 1— )• ji, and by setting Di = iD for every 
z G F. In this case, we have i ~ j if and only if belongs to the stabiliser F/) of D in F, 
and //^ = F/F£). More general examples include F-orbits of (usually finite) collections 
of subsets of M or T^M with (usually finite) multiplicities. 
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A F-equivariant family {Ai),i^j of closed subsets of M or T'^M is said to be locally finite 
if for every compact subset K in M or T^M, the quotient set {i G I : Ai Ci K ^ ^} / ^ 
is finite. In particular, the union of the images of the sets Ai by the map M — )• M or 
T^M — )• T^M is closed. When r\/ is finite, (Aj)jg/ is locally finite if and only if, for all 
is/, the canonical map from TA,\Ai to M or T^M is proper, where F^. is the stabiliser 
of Ai in r. 

Skinning measures of equivariant families. Let ^ = {Di)i^i be a locally finite 
F-equivariant family of nonempty proper closed convex subsets of M. Let = be 
a F-equivariant family of subsets of T^M, where ilj is a measurable subset of d\Di for all 
i € / (the sign it being constant). For instance d\S! = (5j_L'j)j(=/ is such a family. 
Then 

is a well-defined (independent of the choice of representatives in I/^), F-invariant by 
Proposition [9] (ii), locally finite measure on T^M whose support is contained in Uie//^ 
Hence by Subsection [231 the measure induces a locally finite measure on T^M, denoted 
by c^a- 

In the important special cases when Q, = d^!^ and Q, = d\^^, the measures iTq and fj^ 
are denoted respectively by 

and are called the inner and outer skinning measures of ^ on T^M. Their induced measures 
on T^M = T\T^M are called the inner and outer skinning measures of ^ on T^M. 

Multiplicity of unit tangent vectors. Given v G T^M, we define the natural multi- 
plicity of V with respect to a family as above by 

, , Card{i G //^ : i; G Ojl 
Card(htabr v) 

for any preimage of w in T^M. The numerator and the denominator are finite, by the 
local finiteness of the family ^ and the discreteness of F, and they depend only on the 
orbit of V under F. 

This multiplicity is indeed natural. Concerning the denominator, in any counting 
problem of objects possibly having symmetries, the appropriate counting function consists 
in taking as the multiplicity of an object the inverse of the cardinality of its symmetry 
group. The numerator is here in order to take into account the multiplicities of the images 
of the elements of & in T^M. Note that if F is torsion- free, if (7 = d]_^^, if for every i £ I 
the quotient T£).\Di of Di by its stabiliser F/j. maps injectively in M = F\M (by the 
map induced by the inclusion of Di in M), and if for every i,j G / such that j ^ Ti, the 
intersection Di Ci Dj is empty, then the nonzero multiplicities m^{v) are all equal to 1. 
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Here is a simple example of a multiplicity different from or 1. 
Assume T is torsion-free. Let c be a closed geodesic in M, let c be 
a geodesic line in M mapping to c in M, let & = (7c)-ygr) let x be 
a double point of c, let v S T^M be orthogonal to the two tangent 
lines to c at X (this requires the dimension of M to be at least 3). 
Then mQi_^{v) = 2. 

Weighted number of geodesic paths with given initial/terminal vectors. Given 
t > and two unit tangent vectors v,w G T^M, we define the number nt{v,w) of locally 
geodesic paths having v and w as initial and terminal tangent vectors respectively, weighted 
by the potential F, with length at most t, by 

nt{v, w) = Card(rQ,) e-^°= ^ , 

a 

where the sum ranges over the locally geodesic paths a : [0, s] — ?■ M such that d(0) = v, 
a{s) = w and s G ]0, t], and Fq is the stabiliser in T of any geodesic path 5 in M mapping 
to a by the quotient map M — )• M. If F = and F is torsion free, then nt{v, w) is precisely 
the number of locally geodesic paths having v and w as initial and terminal tangent vectors 
respectively, with length at most t. 

4 Counting and equidistribution of common perpendiculars 

Let M, xq, r and M be as in the beginning of Section [2j Let F : T^M R be a bounded 
F-invariant Holder-continuous function, and let F : T^M = F\T^M — )• M be its quotient 
map. Let ^~ = {D^)i^j- and ^+ = {Dj')j^i+ be locally finite F-equivariant families of 

nonempty proper closed convex subsets of M. 

The main counting function of this paper is defined as follows. Let = (f^j~)jg/- and 
fl^ = be F-equivariant families of subsets of T^M, where $7^ is a measurable 

subset of dj^D^ for all k € . We will denote by jVq- q+ p{t) the number of common 
perpendiculars whose initial vectors belong to the images in M of the elements of and 
terminal vectors to the images in M of the elements of fi"*" , counted with multiplicities and 
weighted by the potential F, that is: 

-^-,n+,F(i)= 5Z rn^~{v)m^+{w)nt{v,w) . 

When Q.^ = dl-&^, we denote ^^-^q,+ ^f ^S>-,Si+,f- If ^ has no torsion, if = 
(7L>±)^6r where is a nonempty proper closed convex subset of M (such that the 
family is locally finite), and if is the image of by the covering map M — )• M = 
F\M (which is a nonempty proper properly immersed closed convex subset of M), then 
jV^-^cg+^p is the counting function jVj^- j-i+ p given in the introduction. 

In order to give a precise asymptotic to these counting functions (see Corollary [20|) , 
we will start by proving a result of independent interest on the equidistribution of the 
initial/terminal vectors of the common perpendiculars in the outer/inner normal bundles 
of the convex sets, first in T^M (see Subsection 14. ip . then in T^M (see Subsection 14. 3p . 
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Let us continue fixing the notation used throughout this Section [H For every (i, j) in 
I^xl'^ such that D~ and have a common perpendicular (that is, whose closures and 
Dj^ in MUdooM have empty intersection), we denote by aij this common perpendicular, 
by £[aij) its length, by v^j G d\D^ its initial tangent vector and by vf- G d\Df its 
terminal tangent vector. Note that if i' ~ j' ~ j and 7 G T, then 

7ai',j/ = a^j^^j, e{ai'j')=£{a^i^^j) and 'y v^j, = v^^^^j . (27) 

When r is torsion free, we have, for the diagonal action of F on x 



(i, i)Gr\((7-/.)x(/+/.)) : Df nD+=0, n°»,.)<t 



We denote by A^^ the unit Dirac mass at a point x in any measurable space. 

4.1 Equidistribution of endvectors of common perpendiculars in T^M 

The following core theorem shows that the ordered pairs of initial and terminal tangent 
vectors of common perpendiculars of two locally finite equivariant families of convex sets 
in the universal cover M equidistribute towards the product of the skinning measures of 
the families. 

Theorem 14 Let M be a complete simply connected Riemannian manifold with pinched 
sectional curvature at most —1. Let T be a nonelementary discrete group of isometrics 
of M. Let F : T^M — )• M 6e a bounded T-invariant Holder- continuous function with 
positive critical exponent 6p. Let = {D^)i^i- and Ql^ = {D^)j^j+ be locally finite 

T-equivariant families of nonempty proper closed convex subsets of M . Assume that the 
Gibbs measure mp is finite and mixing for the geodesic flow. Then 



for the weak-star convergence of measures on the locally compact space T^M x T^M. 

In the special case of &~ = {■jx)^^y and !^~^ = {^y)'y£r for some x,y G M, this 
statement may be proved to be a consequence of the proof of |Robl Theo. 4.1.1] if F = 0, 
and of |PPS| Theo. 9.1] for general F. Although we use the same technical initial trick as 
in the proof of |Rob| Theo. 4.1.1], we will immediately after that use a functional approach, 
better suited to obtain error terms in Section[5l We will give a reformulation in T^MxT^M 
of this result after its proof, and some applications to particular geometric situations in 
Section [6] 

Proof. We first give a scheme of the proof (see |PP61 §8] for a more elaborate one). The 
crucial observation is that two nonempty proper closed convex subsets D~ and D'^ of M 
have a common perpendicular of length a given t > if and only if g2d}^^D~ and g~2d^D~^ 
intersect. After some reduction of the statement, we will introduce, for r] small enough, two 
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test functions (jy^ vanishing outside a small dynamical neighbourhood of d\D^ , so that the 

— — -4-- — r^A — 

support of the product function (p^^ o g 2 o g2 detects the intersection of g2d^D and 

g~2d\D^ (using Subsection I2.3p . We will then use the mixing property of the geodesic 
flow for the Gibbs measure to obtain the equidistribution result of Theorem [TH 

The estimation of the small terms occuring in the following steps 2, 4 and 5 is much 
more precise than what is needed to prove Theorem [141 But these estimates will be useful 
to give a speed of equidistribution of the initial and terminal vectors, and an error term in 
the asymptotic of the counting function jVq,- ^+ p{t)^ in Theorem! 



To shorten the notation, we will fix for the rest of the paper the convention that the 
sums as in the statement of Theorem [T3] are for 7) such that D~ and 7-0^ have a 
common perpendicular (a necessary condition in order for ai^^j to exist). The fact that 
this sum is independent of the choice of representatives of i in I~ / ^ and j in / ^ follows 
from Equation ([2i 



Step 1: Reduction of the statement. By additivity, by the local finiteness of the 
families and by the definition of = 'Ylk&iT/^ ^n^' only have to prove, for all 

k 

fixed i £ I~ and j € I"*", that 



lim Sf WmpW e~^''^ 

t— s>+oo 



E 

7er: 0<i{ai^jj)<t 



A, 



a: 



d: 



(28) 



Let Q be a Borel subset of d\D- and let be a Borel subset of d^Dj' . To simplify 



for the weak-star convergence of measures on T^M x T^M. 

Let i}~ be a 
the notation, let 

D 



or, 



7 — '^7 — •^•V"7/'5 "^7 — '^i, 7i "-'^'^ " — '^DT 

Let be the tangent vector at the midpoint of (see the picture below, sitting in T'^M). 

g^-r/^dlDX 

\ / 



V. 



^ = and = 



(29) 




Assume that and (7^ have positive finite skinning measures: 

5+ (17- ),?-(!)+) G ]0,+oo[, 
and that their boundaries in d\D~^ and d\D^ have zero skinning measures: 

a^(d9r) = a-{dn+) = . 
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Let 

7Gr: 0<£-f<t 

Let us prove the stronger statement that, for every such Q^, we have 

Mm In-,n+it) = a+i^-) a' {n^} . (30) 

Step 2: Construction of the bump functions. In order to prove Equation (f30]l . we 
start by defining the test functions (p^ mentionned in the scheme of the proof. 

We consider the measurable families of measures (u^.) ^m^T; and defined 
using Equation (|24p and Equation (j23p respectively. We fix from now on > such that 
'^wi^w-n J?) > aU r/ > and all w G d^D^, hence for ah w G ^ d^D^ for aU 7 G T. 
Such an R exists by Lemma [T2l 

For all T], T]' > 0, let ^, : T^M — )• [0, +oo[ be the measurable maps defined by 



^ w,ri,ri' ' 

if '-'wi^w r) 77')^^ (which is for instance satisfied if w± G AF), and ^i{w) = otherwise. 
We give a few properties of this technical map. Since 7*i^j^ = and 7V^^ ^1 = 
^ ^, for all 7 G F, the functions ^^^/ are F-invariant. 

By Lemma [TTl by Equation ([9]) and by the invariance of under the geodesic flow 
(see Equation (I25p ). for all t > and w G T^M, we have 

1 1 



(V%t ,) (^("').^(9T'«'),,Tf„TtT/± ^ 



By Equation (|16p . we hence have 



The last property of ^, that we will need is its behaviour as tj' is very small. Let 
rj' G ]0, 1]. For all w G T^M and all v' G B^{w,r]'), by Lemma [6l we have 

d{TT{w),TT{v')) < div,,^^){w,v') <r]' <1 . 

Hence by taking ci > and C2 G ]0, 1] such that Equation (|17p is satisfied, by taking 
C3 = ci + 1 1 -F 1 1 00 ) we have by Equation ([Tj 



C+_(7r(«;),7r(^;'))|<C3 {vT 
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Using the above, the analogous estimate for C^^ and the defining equations (|23|) and 
of v^, for all s S M, G T^M and v' G B^{w, rj'), we have 

and similarly 

e-^3 (^')^^ ..(^)(^;') < dv+{9''v') < e^' ("'^^ ds d^,^^^^^^{v') . 

It follows that for all r/, r/' G ]0, 1] and to G T^M such that G AF, we have 

2r//ii^.(^)(i?+(u;,V)) - ^"^^ - 2ry^^..(^)(i?+(u;,V)) ' ^^^^ 
< „' (^) < TT^TT ^ • (34) 



2r//x+..(^)(i?-Kr?')) " ' - 2r//i+..(^)(B-(u;,V)) 

Let us denote by \a the characteristic function of a subset A. We finally define the 
test functions 0^ = q± : T^M — [0, +oo[ by 

</'^= hlnof^^ ^r;^ni^^)' ^^^^ 

where ^^^^(17^) and are as in Subsection 12.21 Note that if w G 'f^j^{Q^), then 

v± ^ dooD^ by convexity, that is, v belongs to the domain of definition of /^^; hence 

— R° /dt(^) ^^^^ defined. By convention, 4>^{v) = if v ^ For all 
V G r^M and t > 0, we have, by Equations (f3T]) and (|10p . 



= e ^-e-....c.M- (36) 

Lemma 15 For every r/ > 0, i/ie functions cj)^ are measurable, nonnegative and satisfy 

[ _<l)^ dmp = a^in^). 

Proof. The proof is similar to that of |PP5| Prop. 18]. By the disintegration result of 
Proposition [131 by the last two lines of Subsection 12.21 by the definition of ^ and by 
the choice of R, we have 



/ _(t>^dmF= h'T nO f^^{v) dmpiv) 

= [ hl^{w) [ dv^{v)da%^{w)=d^{a^). □ 

W, Tj, R 
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Now, the heart of the proof is to give two pairs of upper and lower bounds, as T > 
is big enough and rj G ]0, 1] is small enough, of the quantity 



(37) 



Jo •^'^'^■f 
Step 3: First upper and lower bounds. For all t > 0, let 

Note that by Lemma [15] just above, we have that Jrpij^4>r] drhp = cf^(fi^) is finite and 
positive. By passing to the universal cover the mixing property of the geodesic flow on 
T^M for the Gibbs measure mp, for every e > 0, there hence exists Tg > such that for 
all t > Tf, we have 

dffiF / _^4>t drhp < a^(t) < t. [7 / _</'^ drhp / _</>^ drhp ■ 

\™'F\\ Jt^m Jt^m W^fW Jt^m Jt^m 

Hence for every e > 0, there exists q > such that for all T > and tj G ]0, 1], we have 



iJT)<e'^. ^ + c,, (38) 

Op ||?Tl^| 



and similarly 



e 



iv{T)>e-'—-, ^a^(n-)a-(n^)-c,. (39) 

Op \\Tnp\\ 



Step 4: Second upper and lower bounds. Let T > and r] € ]0, 1]. By Fubini's 
theorem for nonnegative measurable maps and the definition of the test functions (j)^ , the 
quantity i-q{T) is equal to 

ly+^^^^-){g-''\) l..^-^(^^+^{-f~^g''^v) dmp dt . (40) 

We start the computations by rewriting the product term involving the technical maps 
/i^ ^. For all 7 G r and v G n , define (using Equation ([6])) 

f+_{v) and w+ = f-^Av)=lfnAl-'v)- (41) 



w 



This notation is ambiguous {w^ depends on v, and depends on V and 7), but will 
make the computations less heavy. By the invariance of by precomposition by the 
geodesic flow, is unchanged if v is replaced by g^v for any s G M, and by Equation (j3ip . 
we have 
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Similarly, by Equation , by the r-invariance of /i j" „ and by Equation (|32|) , we have 



ri,R 



Hence, 



r7r(a*/2lU~) p rir(lD+) p, 



Now, we consider the product term in Equation (j40p involving the characteristic 
functions. Note that (see Section 12.21 and in particular Equation (llOp ) the quantity 
'^T'^ -"-r" different from (hence equal to 1) if and only 

if "'"^ 

By Lemma[8] (applied by replacing by 7!)^ and z/; by u), there exists tQ,co > such that 
for ah 7] e ]0, 1] and t > to, for ah v G T^M, if ly-^(n+)(7"^5'*^^^) ^ 0' 

then the following facts hold: 

(i) by the convexity of D^, we have v G H 

(ii) by the definition of u)^ (see Equation (j4ip ). we have w~ G and u;"*" G jQ,'^ (The 
notation (ty^,t(;+) here coincides with the notation {w~,w^) in Lemma [8]), 

(iii) there exists a common perpendicular from to jD^, whose length satisfies 



t \ < 2?7 + Co e" 



't/2 



whose origin vr(v^ ) is at distance at most cq e from 7r(ty ), whose endpoint vr(u^) 
is at distance at most cq e~*/^ from 7r(t(;"'"), such that the points 'n{g^/'^w~) and 
'K{g~^/'^w'^) are at distance at most rf + cq e~*/'^ from 7r(?;), which is at distance at 
most Co e~*/^ from some point of a-y. 
In particular, using (iii) and the uniform continuity property of the F-weighted length (see 
Inequality (fT4l) which introduces a constant C2 G ]0, 1]), and since F is bounded, for all 
r/ G ]0, 1], t > to and G T^M for which l^+^(^_)(c/-*/2^;) l,^_^^j^+-j(7-i5f*/2^) ^ q, we 

have 



For all r/ G ]0, 1], 7 G r and T > to, define =s/,,,^(T) as the set of (t, G [to, x T^M 
such that ^; G r+ _,/,^(5*/2j]-) n _,/,^(7ff-*/'2j^+)}, and 

j,,^(T) = // /i- / (5*/'^.;-) /1+ (5~*/2«;+) dt dmF{v) . 

By the above, since the integral of a function is equal to the integral on any Borel set 
containing its support, and since the integral of a nonnegative function is nondecreasing 

30 



in the integration domain, there hence exists C4 > such that for ah T > and r] G ]0, 1], 
we have 

7Gr: to+2+co<£^<T-0(»?+e-*7/2) 

and similarly, for every T' >T, 

7er: to+2+co<£-y<T+0(77+e-*T/2) 

We will take T' to be of the form r+0(7/ + e~^^/^), for a bigger O(-) than the one appearing 
in the index of the above summation. 

Step 5: Conclusion. Let 7 G F be such that D~ and ^D^ have a common perpendicular 
with length > + 2 + cq. Let us prove that for all e > 0, if is small enough and 
£^ is large enough, then for every T > £^ + Oijj + e"^^''^) (with the enough's and O(-) 
independent of 7) , we have 

l-e<^7(r) < 1 + (43) 
Note that 5±(^((7=f)) and 5±(^_e(J7=F)) tend to a^{Q^) as e ^ (since a^{dQ^) = 

as required in Step 1). Using Step 3 and Step 4, this will prove Equation ([30]), hence will 

complete the proof of Theorem [TH 

We say that (M,r,F) has radius- continuous strong stable/unstable ball masses if for 

every e > 0, if r > 1 is close enough to 1, then for every v G T^M, if B~{v, 1) meets the 

support of then /i+,,^^^(S-(i), r)) < e^^+ ,,(^-,(5-(z;, 1)) andifS+(v,l) meets the 

support of then fi:^,,^^^{B+{v,r)) < e'/i^..^^^ (S+(u, 1)). We say that (M,r,F) 
has radius- Holder- continuous strong stable/unstable ball masses if there exists c G ]0, 1] 
and c' > such that for every e G ]0, 1], if B~{v, 1) meets the support of /^^su^^^) then 

/^VK="(t,)(^~(^''')) - e''''V^^=u(^)(^"(t',l)) and if B+{v,l) meets the support of /i^ss(^), 
then /i-,,(^)(5+(t>,r)) < e^''V^,,(^)(5+(7;, 1)). 

When the sectional curvature has bounded derivatives and when (M, F, F) has Holder 
strong stable/unstable ball masses, we will prove the following stronger statement: with a 
constant C7 > and functions O(-) independent of 7, for all r] G ]0, 1] and T > ^^ + 0(ry + 
we have 

i..m = (l + 0(S^))>«'«-''")-). (44) 

This stronger version will be needed for the error term estimate in Section [5j In order 
to obtain Theorem [T^ only the fact that j,^^^{T) tends to 1 as firstly Lf tends to +00, 
secondly rj tends to is needed. A reader not interested in the error term may skip many 
technical details below. 

Given a, 6 > and a point x in a metric space X (with a, b, x depending on parameters), 
we will denote by B{x, ae°(^)) any subset y of X such that there exists a constant c > 
(independent of the parameters) with 

S(x,ae"^^) C y C Bix^ae"''). 
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Let 7] e ]0, 1] and T > £^ + 0(?? + e'^^/"^). To simplify the notation, let 



e = g^^'^w and 



+ — 



g ' w 



By the definition of Jr?, 7, using Equations (I33p and (j34p . we hence have 



J J {t,v)&J2/r,,'y (T) 

gO(e-'=2<;7/2) 



(2r?)2 



dt dmp^v) 



(45) 



We start the proof of Equation (j43p by defining parameters s"^,s ,s,v',v" associated 
to {t,v) £ £^n,-,{T). 

s~ / \ -s~_ 




We have {t, v) E J2^^^(T) if and only if there exist S ] — r?, 7?[ such that 

g^'\eB^{g^'/^w^,e-'/'R). 

The notation coincides with the one in the proof of Lemma [8] (where [D^, w) has been 
replaced by {'yD~^,v)). 

In order to define the parameters s,v',v" , we use the well known local product structure 
of the unit tangent bundle in negative curvature. If ?; € T^M is close enough to (in 
particular, 7^ ("^7)4- ^-iid ^+ 7^ (^7)-)! then let v' = f^^ {vO)('^) unique element 

of W^^{v^) such that v'^ = v^, let v" = f]jB+{v^)^^^ unique element of W^^{v^) 

such that v'!_ = V-, and let s be the unique element of M such that g~^v G W^^{v'). 
The map v 1— t- {s,v',v") is a homeomorphism from a neighbourhood of in T^M to a 
neighbourhood of {0,v^,v'^) in M x W^^{v^) x W^^{v^). Note that if w = g^v^ for some 
r € M close to 0, then 



w = , = , s = r, v' = v" = t>°, s 



+ s, s~ 



s . 



Up to increasing to (which does not change Step 4, up to increasing C4), we may assume 
that for every {t,v) £ £/ri,'yiT), the vector v belongs to the domain of this local product 
structure of T^M at v^,. 



The vectors v,v ,v are close to vx^ if t is big and rj small, as the following result shows. 
We denote (also) by d the Riemannian distance induced by Sasaki's metric on T^M. 
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Lemma 16 For every {t,v) e£/r,,^{T), we haved{v,v^),d{v',v^),d{v",v^) = 0(r/+e"*/2). 
Proof. Consider the distance d' on T^M, defined by 

Vfi,f2 GT^M, d'{vi,V2)= max d(TT{g''vi),7r{g''v2)) ■ 

rG[~l,0] 

As already seen in Step 4, we have d{'7T{w^) , tt{v^)) , (i(7r(t;), a-y) = 0(e~*/^), and besides 
d{7r{g^^^w-),7r{v)), ^ - f = 0{Tj + e~^/^). Hence d{'iT{v),TT{v^)) = 0(r7 + e-*/2). By Lemma 
[6l we have 

d{TT{g~i~''~v),TT{v:^)) < d{-K{g'i'^' v),'k{w')) + (i(7r(t(;"), 7r(u;^)) < + cq e~*/^ . 

By an exponential pinching argument, we hence have d'{v,v^) = 0(ry + e~^^/^). Since d 
and d' are equivalent (see [Ball page 70]), we therefore have d{v^v^) = 0(7/ + e"^^/^). 
For all w G T^M and V £ T^T^M, we may uniquely write V = V'"' + 1^^^ + ^ with 
e T^W'^iw), y° G If^f and V G r^T^«^(?i;). By [PPHl §7.2] (building on |BH] 

whose compactness assumption on M and torsion free assumption on T are not necessary 
for this, the pinched negative curvature assumption is sufficient), Sasaki's metric (with 
norm || • ||) is equivalent to the Riemannian metric with (product) norm 

= y^ll ysu ||2 _^ II yO ||2 _^ II yss ||2 ^ 

By the dynamical local product structure of T^M in the neighbourhood of and by the 

definition of v',v", the result follows, since the exponential map of T^M at is almost 
isometric close to and the projection to a factor of a product norm is 1-Lipschitz. □ 

We now use the local product structure of the Gibbs measure to prove the following 
result. 

Lemma 17 For every {t,v) G i3^^^(T), we have 

Proof. By the definition of the measures (see Equation (fT8|) . (jl9p . ([20]) ). since the above 
parameter s differs, when are fixed, only up to a constant from the time parameter 

in Hopf 's parametrisation, we have 

dmpiv) = e^-"-(-0'-M) + ^"';(-o,-M) dfi-^{v.) dnt,iv+) ds 

,, C", (a;o,7r(t)")) _ 

By Equation (|17|) . since F is bounded, we have | C^{z, z') \ = 0{d{z, z'Y^) for all ^ G d^oM 

and z,z' G M with d{z,z') bounded. Since the map vr : T^M — t- M is 1-Lipschitz, and 
since u + = v'j^ and V- = f " , the result follows from Lemma [16] and the cocycle property 

(USD. □ 
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When is big, the submanifold d\.{^cf'"'l'^Vl ) has a second order contact at with 
W^^iv^ and similarly, c?i((7~^^/^0+) has a second order contact at with W^^iv^^. Let 

be a plane domain of (t, s) S such that there exist S ] — r/, 7/[ with = 
^ ± s + 0(e~^^/2). Note that its area is (2r/ + 0(6"^^/^))^. By the above, we have (with 
the obvious meaning of a double inclusion) 

By Lemma [T71 we hence have 

(46) 

The last ingredient of the proof of Step 5 is the following continuity property of strong 
stable/unstable ball volumes as their center varies (see [Rob) Lem. 1.16], |PPS| Prop. 10.16] 
for related properties, though we need a more precise control for the error term in Section 

Lemma 18 Assume that {M,T,F) has radius- continuous strong stable/unstable ball mas- 
ses. There exists C5 > such that for every e > 0, ifr]is small enough and large enough, 
then for every {t,v) £ we have 

^Wr^^'^'^^t.n)) = e°(^-) /.+ .(,o)(i^-(^°,rO) 

and 

/^^^==K-)^''^^^*"'^*)^ = M^e.(.o)(i?+(^°,rO) . 

// we furthermore assume that the sectional curvature of M has bounded derivative and 
that {M,T,F) has radius- Holder- continuous strong stable /unstable ball masses, then we 
may replace e by {j] -\- Q-^il'^y^ for some constant cg > 0. 

Proof. We prove the (second) claim for W^^, the (first) one for follows similarly. The 
final statement is only used for the error estimates in Section [U 

B+{w-,R) 



w ^ , 





0(p-^t/2)^ ^ ; _X 0(r? + e-^-</2 



V^, /f /n ~ - " V. 



"7 



B+{v-,Re''^^+^'^''^) 
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Using respectively Equation ^ since = g^/'^w - and n = e-^/'^R, Equation (pT|) 
where {v,t,w) is replaced by (g^^'^v,t/2, g^/'^w~), and Equation (jl6p . we have 

i)eB+(«)-,R) ^ ^ 

Similarly, for every a > 0, we have 

fiw^s^,o.{B'^{v',,art))= [ e^^t/ ^'^^-'^U^- (y) (48) 

Jv&B+{vO,aR) 

Let h~ : B~^{w~,R) — )• Ty***^(f~) be the map such that {h~{v))^ = V-, which is well 
defined and a liomeomorpliism onto its image if is big enough (since R is fixed). By 
Proposition [10] applied with D = HBj^{w~) and D' = HBj^[v~)^ we have, for every 

V E B+{w-,R), 

Let us fix e > 0. The strong stable balls of radius R centered at w~ and v~ are 
very close (see the above picture). More precisely, recall that R is fixed, and that, as 
seen above, d{7r{w~),TT{v~)) = 0(e~^T/^) and d{'K{g^/'^w~),'K{g^'</'^v~)) = 0(t/ + e"^^/^). 
Therefore we have d{'K{v),'K[h^ [v))) < e for every v G B~^{w~,R) if r/ is small enough 
and £-y large enough. If furthermore the sectional curvature has bounded derivatives, 
then by Anosov's arguments (see for instance |PPS[ Theo. 7.3]) the strong stable foliation 
is Holder-continuous. Hence we have d{7r{v),7r{h-{v))) = 0((r/ + e-^^/^^cs) foj. 

every 

V G B~^{w~ ,R), for some constant C5 > 0, under the additional hypothesis on the curvature. 
We also have h~ {B^ {w~ , R)) = B~^{v~ , Re'^^^^) and, under the additional hypothesis on 
the curvature, h^{B^{w^,R)) = B^ (v^ , R e'^^^'^'^'^ ^^^'^ys)^ Assume in what follows that 
e = (77 + 6"^^/^)'^^ under the additional hypothesis on the curvature. By Equation (fTTl) . we 
hence have, for every v £ B~^{w~,R), 



and, using Equation (I14p . 

{F-5f)- (F - 6p) = Oie'^) . 

n{v) Jn{h^{v)) 

The result follows, by Equation (|47p and (j48p and the continuity property in the radius. 
□ 
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Now Lemma [T2] (with e as in its statement, and when its hypotheses are satisfied) 
imphes that 

dt dfrip{v) 



By Equation (j45p and Equation (06]), we hence have 



(27? + 0(e-^/2))2 



(2,7)2 

under the technical assumptions of Lemma [181 The assumption on radius-continuity of 
strong stable/unstable bah masses can be bypassed using bump functions, as explained in 
[Robl page 81]. □ 

4.2 Equidistribution of equidistant submanifolds 

In this subsection (which is not needed for the counting and equidistribution results of 
common perpendiculars), we generalize the main theorem of |PP5j from Bowen-Margulis 
measures to Gibbs measures, to prove that the skinning measure on (any nontrivial piece 
of) the outer unit normal bundle of any proper nonempty properly immersed closed convex 
subset, pushed a long time by the geodesic flow, equidistributes towards the Gibbs measure, 
under finiteness and mixing assumptions. 

Theorem 19 Let M be a complete simply connected Riemannian manifold with pinched 
sectional curvature bounded above by —1. Let F : T^M ^ W be a bounded T -invariant 
Holder- continuous function with positive critical exponent 6f. Assume that the Gibbs mea- 
sure mp is finite and mixing for the geodesic flow. Let Si = (Di) be a locally finite T- 
equivariant family of nonempty proper closed convex subsets of M . Let Q = (r2j)jg7 be a 
locally finite T-equivariant family of measurable subsets ofT^M, with Q,i C d\Di for all 
i ^ L. Assume that is finite and nonzero. Then, as t ^ +oo, 

1 , _1_ * 1 



\\{g%a^\\ \\mp\ 

Similarly, under the assumptions of this theorem, if = is a locally finite L- 

equivariant family of measurable subsets of T^M, with ilj C d^Di for all i E /, if 0"^^ is 
finite and nonzero, then, as t — )• +oo, 

1 / _+N _ * 1 



Since pushforwards of measures are weak-star continuous and preserve total mass, we have, 
under the assumptions of Theorem [191 the following equidistribution result in M of the 
immersed t-neighbourhood of a proper closed properly immersed convex subset of M: as 
t — )■ +00, 

1 / t\ 4- * 1 

\Wn\\ \M\ 
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When F = 0, M is a symmetric space and F has finite covolume, then -Kt^mp is, up to 
a constant multiple, the Riemannian volume measure of M. In particular, the bound- 
ary of the immersed ^-neighbourhood of the convex hull of any infinite index loxodromic 
cyclic or convex-cocompact nonelementary subgroup of T equidistributes in M towards the 
Riemannian volume. 

Proof. The proof is analogous with that of Theorem 19 of |PP5| . Given three numbers 
a, 6, c (depending on some parameters), we write a = 6 ± c if |a — 6| < c. 

Let r/ G ]0, 1]. We may assume that r\/ is finite, since for every e > 0, there exists a T- 
invariant partition / = I'D I" with r\/' finite such that if 17' = (f7i)je/' and 0" = 
then = a^, + cr'^n with II = ll'^i'll ^ ^- Hence, using Lemma \T2\ we may 

fix i? > such that i^w^Vw rj r) ^ ^ ^ ^ d\Di and i £ I. We will use the global 

test functions (p^j : T^M — )■ [0,-|-oo[ now defined by (using the conventions of Step 2 of 
Theorem [H]) 

As in (PP5| Lem. 17], the map (pjj '■ T M — > [0,+cxd[ is well defined (independent of the 
representatives of i), measurable and F-equivariant. Hence it defines, by passing to the 
quotient, a measurable function (/)^ : T^M — t- [0,-|-oo[. By Lemma [T5| the function (f)^ is 
integrable and satisfies 

/ (/>^ drrii;' = II o"^ II . (49) 
JT^M 

Fix £ "^c(r^M). Let us prove that 

^^+^ \\{9%(T+\\ Mm \\niF\\ Mm 

Consider a fundamental domain Ar for the action of F on T^M as in |Rob| page 13] (or 
in the proof of |PP51 Prop. 18]). By a standard argument of finite partition of unity and 
up to modifying Ap, we may assume that there exists a map ^/^ : T^M — )• R whose support 
has a small neighbourhood contained in Ar such that ip = ipop, where p : T^M — )■ T^M = 
T\T^M is the canonical projection (which is 1-Lipschitz). Fix e > 0. Since ijj is uniformly 
continuous, for every rj > small enough and for every t > large enough, for all w G T^M 
and V G we have 

w,ri,e 

^{v) = ^{w) ± I . (50) 

If t is big enough and r] small enough, we have, using respectively 

• Proposition [9] (iii) for the second equality, 

• the definition of /i^^ e-^R fo^' the third equality, 

• the disintegration Proposition [13] for the fibration /Jj^^) for the fourth equality, 

• the fact that a small neighbourhood of the support of tp is contained in Ar, the 
definition of the test function 4'~ ^-t^ t^. a-^d Equation ([50|) . for the fifth equality, 

• Equation (I36p for the sixth equality, 

• the definition of the global test function (p^j for the seventh equality, 

• the invariance of the Gibbs measure under the geodesic flow the last equality. 
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By Equation (j49p . we have II = ll'^'o II = /tia/ '^'7 duip- By the mixing property of 

the geodesic flow on T^M for the Gibbs measure, for t > big enough (while r] is fixed), 
we hence have 

/ tp d{g^)^a^ _ /ri m ° ^ dmp _^ e _ frpij^j^ dmp _^ 
ll(5*)*crnll Jj.ij^j(l)rj dmp 2 llmFll 

This proves the result. □ 

4.3 Equidistribution of endvectors of common perpendiculars in T^M 

Using Subsection 12.41 we now deduce from Theorem [141 which is an equidistribution result 
in the space T^M x T^M, an equidistribution result in its quotient T^M x T^M by the 
action of F x F. 

The following Corollary is the main result of this paper on the counting of common 
perpendiculars and on the equidistribution of their initial and terminal tangent vectors in 

Corollary 20 Let M,T,F,Si~ he as in Theorem \14\ Then, 

lim (5i? Ilmi^ll e~^^* m^-{v) m^+{w) ntiv^w) Ay (gi = crt- crZ^^ (51) 



v,w£T^M 
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for the weak-star convergence of measures on the locally compact space T^M x T^M . If 
cr^_ and 0"^+ are finite, the result also holds for the narrow convergence. 

Furthermore, for all T-equivariant families = (il^)fcg/± of subsets of T^M with 
il^ a Borel subset of dj^D"^ for all k G P, with nonzero finite skinning measure and with 
boundary in i9±-Dj of zero skinning measure, we have 

Op II^fII 

as t ^ +00. 

In particular, if the skinning measures 0"J_ and a'^_^ are positive and finite, as t — )• +00, 
we have ^ 

^&-,&+,F\t) ~ — 7— n n — a ■ 



Proof. Note that the sum in Equation (151]) is locally finite, hence it defines a locally finite 
measure on T^M x T^M. We are going to rewrite the sum in the statement of Theorem 
[14] in a way which makes it easier to push it down from T^M x T^M to T^M x T^M. 
For every v G T^M, let 

m^{v) = Card {A: G /^/^ : v G d^D^} , 

so that for every v G T^M, the multiplicity of v with respect to the family is (see 

Subsection 13. 3p 

_ m=F(iy) 
"^aii^T(^)-Card(Stabr^^)' 

for any preimage v of v in T^M. 

For all 7 G r and v,w G T^M, there exists G (/^/^) x {I^ / r^) such that v = v^^j 
and w = v^-i-j = 7~'^'^tjj ^^'^ only if 'yw G g^v, there exists i' G I^/r^ such that 
V G d\D^ and there exists j' G /^/^ such that G d}_Dy. Then the choice of such 
elements {i,j), as well as i' and j' , is free. We hence have 

/■77r('i(j) 



^ e^-(") Card {(i, j) G (I"/^) x (/+/^) : t;"^^- = 7; , v+^,^^. = w} A^ 

\ 0<s_<t 
l)=g''v 

gJ,r(«) |„ (^y) m"'"(7tt;) A^j ® A^j . 



7Gr, 0<s_<t 
-^w=g''v 

Therefore 



Ee-^"i. 7j A - (g) A 

i&i- 3&1+ 7Gr 

0<£{ai,T,j)<t 

/.77r(™) 



^ ( Z-^ j ) m+(tLi) A^; (g) A{5 . 
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By definition, a^:^ is the measure on T^M induced by the F-invariant measure 
Thus Corollary [20] follows from Theorem [T3] and Equation (j30p (after a similar reduction 
as in Step 1 of the proof of Theorem [TH and since no compactness assumptions were made 
on to get this equation), by Subsection 12.41 □ 

Remark. Under the assumptions of Corollary 1201 except that we now assume that 5p < 0, 
by considering a big enough constant a such that Sp+a = + cr > 0, hy applying 
Corollary 1201 with the potential F + a (see Remark (3) before Proposition [9]) , and by an 
easy subdivision and geometric series argument, we have the following asymptotic result 
as t — )■ +00 for the growth of the weighted number of common perpendiculars with lengths 
in ]t — c,t] for every fixed c > 0: 

(1 — e~^P llo""*" II \\a~ II 

^+ p{t) - ^oj- 0J+ p{t - c) ~ ^ , , " e^^* . 

Op ||"^f|| 



Using the continuity of the pushforwards of measures for the weak-star and the narrow 
topologies, applied to the basepoint maps vr x vr from T^M x T^M to M x M, and from 
T^M X T^M to M X M, we have the following result of equidistribution of the ordered 
pairs of endpoints of common perpendiculars between two equivariant families of convex 
sets in M or two families of locally convex sets in M. When M has constant curvature 
and finite volume, &~ is the F-orbit of a point and ^+ is the F-orbit of a totally geodesic 
cocompact submanifold, this result is due to Herrmann [Her]. 



Corollary 21 Let M,r,F, be as in Theorem \14\ Then 

0<£{oi,^j)<t 

for the weak-star convergence of measures on the locally compact space M x M , and 
lim (5f e"*^^* ^ m^~{v) msi+{w) nt{v,w) A^(v)0At,Iw) = ■K^at,_®TT^aZ^+ , 

for the weak-star convergence of measures on M x M . If the measures a^:^ are finite, then 
the above claim holds for the narrow convergence of measures on M x M . □ 



Before proving the theorems numbered [H [2] and [3] in the introduction, we recall the 
precise definition of a proper nonempty properly immersed closed convex subset in a 
negatively curved complete connected Riemannian manifold M: it is a locally geodesic (not 
necessarily connected) metric space endowed with a continuous map f^ : ^ M 
such that, if M —7- M is a universal covering of M with covering group F, if — t- 
is a locally isometric covering map which is a universal covering over each component of 
D^, if /± : D± ^ M is a lift of f^, then /± is, on each connected component of D , an 
isometric embedding whose image is a proper nonempty closed convex subset of M, and 
the family of images under F of the images by of the connected component of is 
locally finite. 
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Proof of Theorems [H [2] and [3l Let 1=^ = T x 7ro(D=^) with the action of T defined 
by 7 • (a, c) = (7a, c) for all 7, a € F and every component c of D^. Consider the families 
= {D^)kei± where = a f^{c) ii k = (a, c). Then are F-equivariant families of 
nonempty proper closed convex subsets of M, which are locally finite since are properly 
immersed in M. The theorems [T] and [2] then follow from Corollary [20l Theorem [3] follows 
by taking Q = d^D~ in Theorem 1191 □ 

Corollary 22 Let M,T,F, &~ , be as in Theorem I4 Assume that are finite and 
nonzero. Then 

lim lim — — r — TTT^ — - — > m^-[v) Ui (^+[v) = rap, 

where 

is the number (counted with multiplicities) of locally geodesic paths in M of length at most 
t, with initial vector v, arriving perpendicularly to Ql^ . 

Proof. For every s G M, by Corollary (201 using the continuity of the pushforwards 
of measures by the first projection {v,w) 1— >• v from T^M x T^M to T^M, and by the 
geodesic flow on T^M at time s, since (g'*)*A„ = Ags^, we have 



lim 6f WmpW e m^^{v) nt^+{v) Ags^ = {g'')^at>-\\cr~ 



The result then follows from Theorem [19] with ^ = d\'Sl . □ 



4.4 Counting closed subsets of limit sets 

In this section, we give counting asymptotics on very general equivariant families of subsets 
of the limit sets of discrete groups of isometrics of rank one symmetric spaces, generalising 
works of Oh-Shah. 

Recall (see for instance |Mos| IPar| ) that the rank one symmetric spaces are the hy- 
perbolic spaces Hp where F is the set M of real numbers, C of complex numbers, H of 
Hamilton's quaternions, or O of octonions, and n > 2, with n = 2 if IK = O. We will 
normalise them so that their maximal sectional curvature is —1. We denote the convex 
hull in of any subset A of Hp U d^W^ by A. 

We start with HJ. The Euclidean diameter of a subset A of the Euclidean space R""^ is 
denoted by diam A. For any nonempty subset B of the standard sphere we denote by 

0(5) the least upper bound of half the visual angle over pairs of points in B seen from the 
center of the sphere. Let M'oo be the horoball in centred at 00, consisting of the points 
with vertical coordinates at least 1. For every Patterson density il^x)^^]^ for a discrete 
nonelementary group of isometrics F of M (with critical exponent dr) and the potential 
F = 0, for every horoball in M, and for every geodesic ray p starting from a point of 
dJ^ and converging to the point at infinity ^ of J^, the measure e^^ Vp(i) converges as t 
tends to +00 to a measure p^ on dooM — {^}, independent on the choice of p (see |HP2[ 
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§2]). Since we consider the potential F = 0, we have 6p = 6r and mp = ttibm as aheady 
seen. We take, as we may, (fJ-x)^^]^ = {lJ'x)xeM' ^^i*^^ is the reason there is no exponent 
lb on the skinning and Patterson measures in the following statement. 

Corollary 23 Let T be a discrete nonelementary group of isometrics of Hg, with finite 
Bowen-Margulis measure m-BM- Let {Fi)i^j he a T-cquivariant family of nonempty closed 
subsets in the limit set AT, whose family = Fi)i<zi of convex hulls in is locally 
finite, with finite nonzero skinning measure. 

(1) In the upper halfspace model o/HJ, assume that AF is hounded in R"~-^ = SooEIi^ — {oo}, 
and that oo is not the fixed point of an elliptic element ofV. Let &~ he the T-equivariant 
family {'~fJ^oo)'rer- Then, as T ^ +oo, 

Card{i e I/^ : diam(Fi) > l/T} ~ ^^""f'} l*"^^""** {2TY^ . 

dr\\mBM\\ 

(2) In the unit hall model of HJ^, assume that no nontrivial element of T fixes 0. As 
T — )• +00, we have 

Cardii G I/^ : cot0(Fi) < T} ~ **^°J ^^"""^^J {2T)^^ . 

Or\\mBM\\ 

(3) In the upper halfspace model o/H^, assume that oo is not the fixed point of an elliptic 
element ofT. Let Q, he a Borel subset o/M"~^ = i9ooEI^ — {oo} such that is finite 
and positive and fi,,)^^{dO,) = 0. Then, as T ^ +oo, 

Card{i G I/^ : diam(Fi) > l/T, n / 0} ~ /^-^^o (^) 11^^^+ H (2T)'5r , 

(^rlRBMll 

This corollary generalises results of Oh-Shah (Theorem 1.4 of [0S1| and Theorem 1.2 
of |0S3| ) when the subsets Fi are round spheres. 

When r is an arithmetic lattice, the error term in the claims (1) and (2) is 

0{T^^-^) 

for some n > 0, as it follows from Theorem [27] (2) (using the Riemannian convolution 
smoothing process of Green and Wu as in |PP4l §3] to smooth by a very small perturbation 
the boundary of '^Fi, so that the perturbation of the lengths of the common perpendiculars 
and the integrals of the potential along them are uniformly small) . 

Proof. Note that the Bowen-Margulis measure rriBMi since finite in a locally symmetric 
space, is mixing (see for instance |Dal21 page 982]). 

(1) Note that the skinning measure (T^_ is nonzero since T is nonelementary, and finite 
since the support of a^, , consisting of the points v G d\,J^oo such that G AT, is 
compact. 

For each i € I, let Xi,yi G Fi be points that realise the diameter, that is, diamFj = 
ll^^i ~ where || • || is the Euclidean norm in M"~^. The (signed) length £{ae,i) of the 
common perpendicular ae,j from J^f^o to the geodesic line in with endpoints Xi and 
(which is also the common perpendicular from J^ca to 'tf Fi) is log m ^ i, . Thus, since the 
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stabiliser in T of an element of d^J^ca is trivial, and since F acts transitively on the index 
set of the family , 

Card{i G I/^ : diam(Fi) > 1/T} = Cardji G I/^ : i{ae,i) < log(2r)} 

= ^^- S^+,o(log(2T)) 



which implies the claim (1) by Corollary 1201 

(2) Let be the F-equivariant family {{'~fO})'yer, whose skinning measure in T^M is 
^J- ~ S7GrA'70) so that 1 1 cr J- || is equal to the (finite and nonzero) total mass ||/U(||| of 
the Patterson measure at 0, since the stabiliser of in F is trivial. 

For each i E I, let Xi,yi £ Fi be such that 0{Fi) = 6{{xi,yi}). The angle of parallelism 
formula (see for instance |Bea| p. 147]) implies that cot 9{Fi) = sinh(i(0,'^-Fj), and the 
rest of the proof is analogous to that of (1). 

(3) Note that we do not assume in (3) that the F-equivariant family i^" = (7=^^)-ygr 
is locally finite, and we will only use Equation (|30p (and not Corollary [20|) to prove the 
claim (3). One can check that the proof of Equation (I30p does not use the local finiteness 
property of . By applying the definition of the skinning measure with the base 
point xq = p{t) where /) is a geodesic ray starting from a point of dJ^oo and converging 
to oo, and letting t — )• +oo, we see that the pushforward of the measure fi,^^ by the map 
X I— )• (0,-1) G -^^Hj^ from M"~^ to d}^_J^oo is exactly the skinning measure . If 
diamFj is small and Fi meets 0, then Fi is contained in for some small e > 0, and 
A-i^oo(^^) converges to ii_^^{Vt) as e — t- 0. We hence apply Equation (I30p with rt~ the 
image of Q by this map x i— ?■ (0, — 1). □ 

Corollary [5] in the Introduction is a special case of the following corollary. For every 
parabolic fixed point p of a discrete isometry group F of Hj^, recall that, by Bieberbach's 
theorem, the stabiliser of p in F contains a subgroup isomorphic to Z'^ with finite index, 
and k = rkr(p) > 1 is called the rank of p in F. 

Corollary 24 Let T he a geometrically finite discrete group of isometrics of the upper 
halfspace model ofW^, whose limit set AF is bounded in M"^^ = SooHk ~ {°°} (endowed 
with the usual Euclidean distance). Let Fq he a geometrically finite subgroup of F with 
infinite index. Assume that the Hausdorff dimension 6 of AT is bigger i/ian rkr (p) — rkpo (p) 
for every parabolic fixed point p o/Fq. Then, there exists an explicitahle c > such that, 
as T ^ +00, 

Card{7 G F/Fo : diam(7AFo) > 1/T} ~ cT^ . 

The assumption on the ranks of parabolic groups (needed to apply |PP5| Theo. 10]) 
is in particular satisfied if every maximal parabolic sugbroup of Fq has finite index in the 
maximal parabolic subgroup of F containing it, as well as when n = 3 and 5 > 1 (or 
equivalently if F does not contain a Fuchsian group with index at most 2, when AF is not 
totally disconnected, see |CaTl Theo. 3 (3)]). 

Proof. First assume that oo is not fixed by an elliptic element of F. Since F is geometrically 
finite, its Bowen-Margulis measure is finite (see for instance |DOP| ). The critical exponent 
5y of F is equal to the Hausdorff dimension 6 of AF. Let Fq be the stabiliser of the limit set 



AFq of Fq, and recall that Fq has finite index in Fg (see for instance |Kap Coro. 4.136]). 



Let us consider / = F, the family (Fj = zAFo)ig/ (which consists of nonempty closed 
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subsets of Ar), and = {^Fi)i^i (which is locally finite), so that //^ = T/Fq. Since Fq 
is geometrically finite, the convex set ^AFq is almost cone-like in cusps and any parabolic 
subgroup of F has regular growth (see the definitions in |PP5| Sect. 4]). Hence, under the 
hypothesis on the ranks of parabolic groups, by |PP5| Theo. 10], the skinning measure cj^+ 
is finite. It is nonzero by Proposition [9] (iv), since AFq 7^ AF as Fq has infinite index (as 
seen above). Note that 



Card{7 G F/Fq : diam(7AFo) > l/T} 

= [F[, : Fo]Card{7 e F/F[, : diam(7AFo) > l/T} . 

The result then follows from Corollary 1231 (1). 

Now, if 00 is fixed by an elliptic element of F, let F' be a finite-index torsion-free 
subgroup of F (in particular F' is geometrically finite, and AF' = AF is bounded, with 
Hausdorff dimension S). The action by left translations of F' on F/Fq has only finitely 
many (pairwise distinct) orbits, say oiFq, . . . , a^Fo. For i = the group F^ = 

ajFoO^^ n F' is geometrically finite with infinite index in F'. Let A{T) = {7F0 E F/Fq : 
diam(7AFo) > l/T] and Ai{T) = {7F0 e A{T) : F'7Fo = F'aiFo} for z = l,...,k, 
so that CardA(r) = Y.i=i Cend A,{T) . The map 7F0 7'F^ from A,{T) to {7'F^ G 
F'/F. : diam(7'AF.) > l/T} where 7' £ F' satisfies 7F0 = 7'QiFo is easily seen to be 
well-defined and a bijection. Note that the Hausdorff dimension 6 of AF' = AF is bigger 
than rkr'(p) — rkp'(p) = rkr(a^^p) — rkr„(a^^p) for every parabolic fixed point p of F^, 
since a~^p is a parabolic fixed point of Fq. By the above torsion-free case, for i = 1, . . . , A;, 
there exists Q > such that Card^j(T) ~ Cj T"^ as T — )• -|-oo. The result then follows with 

Corollary 25 Let T be a geometrically finite discrete group o/PSL2(C) with bounded and 
not totally disconnected limit set in C, which does not contain a quasifuchsian subgroup with 
index at most 2. Then there exists c > such that the number of connected components of 
the domain of discontinuity ilF o/F with diameter at least l/T is equivalent, as T ^ +00, 
to cT^ where 6 is the Hausdorff dimension of the limit set o/F. 

When 00 is not the fixed point of an elliptic element of F (for instance if F is torsion 
free), we have 

2^ 



E 



with ^~ = {'^^oo)-f&r and = (7'^r2)'ygri where Q, ranges over a set of representatives of 
the orbits under F of the connected components of J7F whose stabiliser has infinite index 
in F. 

Proof. As mentionned after Corollary 1241 we have 5 > 1, hence the assumption of this 
corollary on the ranks of parabolic groups is satisfied. By Ahlfors's finiteness theorem, the 
domain of discontinuity OF of F (which is a finitely generated Kleinian group) has only 
finitely many orbits of connected components (see for instance |Kap Coro. 4.108]). Since 



F is geometrically finite, the stabiliser of a component of OF is again geometrically finite 
(see for instance |Kap[ Coro. 4.112]). The components of OF which are stabilised by a 
finite index subgroup of F do not contribute to the asymptotics. 
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The assumptions on F imply that there exists at least one other component of fiT. 
Otherwise indeed, the stabiliser of every component of fiF has finite index in F, and 
in particular dO, = AT. Up to taking a finite index subgroup, we may assume that F is 
a function group (that is, leaves invariant a component of OF). By |MaTt Theo. 4.36], F 
is a Klein combination of i?-groups (that is, preserving a simply connected component of 
their domain of discontinuity) and elementary groups. Since AF is not totally disconnected 
and since dO, = AT for all components of OF, this implies that F is a i?-group. By the 
structure theorem of geometrically finite S-groups (see |Abi| Theo. 8]), this implies that 
F is quasifuchsian, a contradiction. 

The stabilisers of these other components of OF have infinite index in F. Hence the 
result follows from Corollary [Ml by a finite summation. □ 

For example. Corollary [25] gives an expression for the asymptotic number of the com- 
ponents of the domain of discontinuity with diameter less than ^ as T — t- oo of the crossed 
Fuchsian group generated by two Fuchsian groups, using the terminology of Chapter VIII 
§E.8 of [Mas], as in the figure below, produced using McMullen's program lim. See for 
example Maskit's combination theorem in loc. cit. for a proof that crossed Fuchsian groups 
are geometrically finite. 




We now consider EI^, leaving to the reader the extension to the other rank one sym- 
metric spaces. We denote by (w'jw) ^ w' ■ w = X]r=/ '^'i'^ the usual Hermitian product 
on C"""*^, and \w\ = \/w • w . Let 

mi = {{wo,w) gCxC'-'^ : 2Re wo - \wf > 0} , 

endowed with the Riemannian metric (normalised as in the beginning of Section 14. 4p 

ds^ = — j — pt:-7t ({dwo — dw ■ w)((dwo — w ■ dw) + (2 Re wq — \w\'^) dw ■ dw) , 

(2 Re wq — |ti;p)^ 
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be the Siegel domain model of the complex hyperbolic re-space (see |GoH Sect. 4.1]). Let 

J^oo = {iwo,w) eCxC"-^ : 2Re Wo - \w\'^ > 2} , 

which is a horoball centred at oo. The manifold 

Heis2n-i = d^mi - {00} = {{wo,w) G C x C""i : 2Re wq - \w\'^ = 0} 

is a Lie group (isomorphic to the (2re — l)-dimensional Heisenberg group) for the law 

{wq, w) ■ {Wq,w') = {wq + Wq + w ■ w' ,w + w') . 

The Cygan distance dcyg (see |GoH page 160]) and the modified Cygan distance ^Cyg 
troduced in |PPll Lem. 6.1]) are the unique left-invariant distances on Heis2n-i with 



dcygii'Wo,w),{0,0)) = ^/2\wo\^ dcyg{{wo,w), (0,0)) = ^/2\wo\ + \w^ . 

Let c^Cyg = '^^^ , which, since dcyg < ^Cyg — V^c?Cyg> is almost a distance on Heis2n-i- 
For every nonempty subset A of Heis2n-i, we denote by 

diam^// (A) = max d'c {x,y) 
the diameter of A for this almost distance. 

Corollary 26 Let T be a discrete nonelementary group of isometries of the Siegel domain 
model o/H^, with finite Bowen-Margulis measure mBM- Assume that AF is hounded in 
Heis2ri-i, and that 00 is not the fixed point of an elliptic element of F. Let S>~ he the 
T-equivariant family {^J^oo)-yeT ■ Let {Fi)i^j he a T-equivariant family of nonempty closed 
suhsets in AT, whose family 3l~^ = Crf Fi)i^i of convex hulls in is locally finite, with 
finite nonzero skinning measure. Then, as T ^ +00, 

Card{i G //^ : diam^^ (Fi) > l/T} ~ ^^""f'} {2T)^^ . 

cyg OrllreiBMll 

The proof of this corollary is similar to the one of Corollary [23] (1), and has a similar 
corollary as Corollary 1241 (replacing the rank of a parabolic fixed point by twice the critical 
exponent of its stabiliser), since 

• the (signed) length in of the common perpendicular from J^^o to a geodesic in 
HJ^ with endpoints x,y ^ Heis2n-i is log ^// by |PP2l Lem. 3.4]; 

• the critical exponent of a geometrically finite group F of isometries of is the 
Hausdorff dimension of AF for anyone of the (almost) distance ^Cyg , d^yg ' ^Cyg • 

5 Error terms 

Let M, xo, F and M be as in the beginning of Section El Let |^ : T^M R be a F- 
invariant Holder-continuous function, and let F : T^M = T\T^M — )• R be its quotient 
map. We assume that the Gibbs measure is finite, and we define mp = ■p^- 

In this section, we give bounds for the error term in the equidistribution and counting 
results of the previous section when the geodesic flow is exponentially mixing and the 
(strong) stable and unstable foliations are assumed to be at least Holder-continuous. 
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There are two types of exponential mixing results available in this context. Firstly, 
when M is a symmetric space, then the boundary at infinity of M, the strong unstable, 
unstable, stable, and strong stable foliations of T^M are smooth. Hence talking about 
leafwise "^^-smooth functions on T^M makes sense. We will denote by 'if^{T^M) the 
vector space of 'i^'^-smooth functions on T^M with compact support and by ||^||£ the 
Sobolev H^^'2-norm of any ip G '^^{T'^M). 

Given ^ G N, we will say that the geodesic flow on T^AI is exponentially mixing for 
the Sobolev regularity i (or that it has exponential decay of i-Sobolev correlations) for the 
potential F if there exist c,k>0 such that for all </>, ^ G '^^{T^M) and all t G M, we have 



/ (j) d/rrip 


/ -0 d/niF 


< ce""!*! II 


<P\U II 















4> o g ip dm F 

When F = and T is an arithmetic lattice in the isometry group of M (the Gibbs measure 
then coincides, up to a multiplicative constant, with the Liouville measure), this property, 
for some £ G N, follows from |KM1| Theorem 2.4.5], with the help of jClol Theorem 3.1] 
to check its spectral gap property, and of |KM2l Lemma 3.1] to deal with finite cover 
problems. Also note that when F = and M has finite volume, the conditional measures 
on the strong stable/unstable leaves are homogeneous, hence {M,T,F) has radius-Holder- 
continuous strong stable/unstable ball masses. 

Secondly, when M has pinched negative sectional curvature with bounded derivatives, 
then the boundary at infinity of M, the strong unstable, unstable, stable, and strong stable 
foliations of T^M are only Holder-smooth (see for instance |Bri| when M has a compact 
quotient (a result first proved by Anosov), and |PPS| Theo. 7.3]). Hence the appropriate 
regularity on functions on T^M is the Holder one. For every a G ]0, 1[, we denote by 
C"(X) the space of a-H61der-continuous real- valued functions with compact support on a 
metric space {X, d) , endowed with the Holder norm 

wfw wfw _L l/(a;) - fiy)\ 

||/IU = ||/||oo+^^^SUp^^^^ d(x,,)" • 

Given a G ]0, 1[, we will say that the geodesic flow on T^M is exponentially mixing for 
the Holder regularity a (or that it has exponential decay of a-Holder correlations) for the 
potential F if there exist c, k > such that for all (pjtp £ C"(T^M) and all t G M, we have 



(j)og tp dmp — / (j) dmp I tp dmp 



< c e"''!*! 



This holds for compact manifolds M when M is two-dimensional and F is any Holder 
potential by [Dol], when M is 1/9-pinched and F = by |GLP[ Goro. 2.7], when mp is the 
Liouville measure by ^Liv| . and when M is locally symmetric and F is any Holder potential 
by [Sto]. 



Theorem 27 Let M be a complete simply connected Riemannian manifold with negative 
sectional curvature. Let T be a nonelementary discrete group of isometrics of M . Let 
F : T^M — 7- R 6e a bounded T -invariant Holder- continuous function with positive critical 
exponent dp- Let S) = (Di)i^i be a locally finite T-equivariant family of nonempty proper 
closed convex subsets of M , with finite nonzero skinning measure gcj,. Let M = T\M and 
let F : T^M — t- M 6e the potential induced by F. 
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(i) If M is compact and if the geodesic flow on T^M is mixing with exponential speed for 
the Holder regularity for the potential F , then there exist a G ]0, 1[ and k," > such that 
for all ijj £ C"(T^M), we have, as t ^ +00, 

i; d{g%acj = U dmp + 0(6"''"* ||^|U) . 

(a) If M is a symmetric space, if Di has smooth boundary for every i £ I, if mp is finite 
and smooth, and if the geodesic flow on T^M is mixing with exponential speed for the 
Soholev regularity for the potential F, then there exists ^ G N and k!' > such that for all 
ip G '^^{T^M), we have, as t ^ +00, 



1 



d{g*)^asi = I V dmp + 0(e * 



\\cfcg\\ J ||"^f| 

Note that if M is a symmetric space, if M has finite volume and if F is small enough, 
then mi? is finite, as seen at the end of Section [3.11 

Proof. Up to rescaling, we may assume that the sectional curvature is bounded from 
above by —1. The critical exponent dp and the Gibbs measure mp are finite in all the 
considered cases. 

The deduction of this result from the proof of Theorem [19] by regularisations of the 
global test function 0,y introduced in the proof of Theorem [19] is analogous to the deduction 
of |PP5^ Theo. 20] from |PP5l Theo. 19] when F = 0. The doubling property of the 
Patterson densities and the Gibbs measure for general required by this deduction in the 
Holder regularity case, is given by |PPS[ Prop. 3.12]. For the assertion (ii), the required 
smoothness of mp (that is, the fact that mp \s absolutely continuous with respect to the 
Lebesgue measure with smooth Radon-Nikodym derivative) allows to use the convolution 
approximation. □ 

Theorem 28 Let M he a complete simply connected Riemannian manifold with negative 
sectional curvature at most —1. Let T he a nonelementary discrete group of isometrics 
of M . Let F : T'^M — t- R 6e a hounded T-invariant Holder- continuous function with 
positive critical exponent 6p. Assume that {M,T,F) has radius- Holder- continuous strong 
stahle/unstahle hall masses. Let 3)~ = {D~)i^j~^ and = {Dj')j^j+ he locally finite 

T-equivariant families of nonempty proper closed convex suhsets of M , with finite nonzero 
skinning measure a^~- and a^+. Let M = T\M and let F : T^M — t- R 6e the potential 
induced by F. 

(1) Assume that M is compact and that the geodesic flow on T^M is mixing with exponential 
speed for the Holder regularity for the potential F. Then there exist a £ ]0, 1[ and k' > 
such that for all nonnegative ip^ G ^"(T^M), we have, as t ^ +00, 

l^t^^^ mQ,-{v) m^+{w) nt{v,w) 'ip-{v)^p+{w) 



/ -0 da+ / ip+da^+ + 0(6" 



■K't\ 



(2) Assume that M is a symmetric space, that has smooth boundary for every k £ I^, 
that mp is finite and smooth, and that the geodesic flow on T^M is mixing with exponential 
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speed for the Soholev regularity for the potential F. Then there exist ^ G N and k' > such 
that for all nonnegative maps ip^ G 'rf^{T^M), we have, as t ^ +00, 



'^^jlTt^^^ Yl m^-{v) mc^+{w) nt{v,w) 4^ {v)i;+{w) 



[ i^-da+_ [ i^+da-++0{ 
Jt^m J mi 



Furthermore, if and respectively have nonzero finite outer and inner skinning 
measures, if {M,T,F) satisfies the conditions of (1) or (2) above, then there exists k" > 
such that, as t ^ +00, 

= """ri/'T" e'-\l + 0(e-"*)) . 

Proof. We will follow the proofs of Theorem and Corollary [20l to prove generalizations 
of the assertions (1) and (2) by adding to these proofs a regularisation process of the test 
functions 0^ as for the deduction of |PP5l Theo. 20] from |PP51 Theo. 19]. We will then 
deduce the last statement of Theorem [28] from these generalisations, again by using this 
regularisation process. 

Let /3 be either a. G ]0, 1] in the Holder regularity case or £ G N in the Sobolev regularity 
case. We fix i G j G and we use the notation D^,ay,£.y,v^ and of Equation 

(I29p . Let 1/^^ G (d^D^) be such that Jrpij^ip^ da^± is finite. Under the assumptions of 
Assertion (1) or (2), we first prove the following avatar of Equation (|30p . indicating only 
the required changes in its proof: there exists > (independent of V'^) such that, as 
T — )■ +CX), 

5F\\mF\\e~^P^ e^^-i^ i)-{v~)ij^{v+) 

'yer,o<ij<T 

^-da+ [ ip+d^- + 0{e~^'''^\\ip'\\i3U^y). (52) 

dlD~ JdiD+ 

By Lemma [7] and the Holder regularity of the strong stable and unstable foliations under 
the assumptions of Assertion (1), or by the smoothness of the boundary of under 
the assumptions of Assertion (2), the maps 

/dt ■ '^^Ri9±D^) d^D^ are respectively 
Holder-continuous or smooth fibrations, whose fiber over w G d\D^ is exactly ^ ^. By 
applying leafwise the regularisation process described in the proof of |PP5| Theo. 20] to 
characteristic functions, there exists a constant ki > and r £ 'rf^{T^M) such that 

• llxt,jll/3 = O(r?-0, 

• for every w G d^D^, we have 

17, R 

We now define the new test functions (compare with the second step of the proof of 
Theorem [T^ . For every vu G d^D^, let 



r± _ 



49 



Let : r^M M be the map defined by 

The support of this map is contained in Y^j^{d^D^). Since M is compact in Assertion (1) 
and by homogeneity in Assertion (2), if R is big enough, by the definitions of the measures 
u^, the denominator of j^{w) is a least crj where c > 0. The map is hence Holder 

continuous under the assumptions of Assertion (1), and is smooth under the assumptions 
of Assertion (2). Therefore <I'^ £ ^^{T^M) and there exists a constant Hi2 > such that 

As in Lemma [151 the functions are measurable, nonnegative and satisfy 



/ dmp = I ip^ da^ 



As in the conclusion of the second step of the proof of Theorem [TH we will estimate in two 
ways the quantity 



Jo J mi 



(53) 



We first apply the mixing property, now with exponential decay of correlations, as in 
the third step of the proof of Theorem [TH For all t >0, let 

Then with k > as in the definitions of the exponential mixing for the Holder or Sobolev 
regularity, we have 

Mi) = ir-li I ^^n'^^F / ^^tdmp + 0(e-''*||$-||/3||$+||/3) 
W^fW Jt^m Jt^m 

= jr^ [ ^'da+ f ^+ da- + 0{e"^'r]-^''^^-\\pU+\\p). 
W^fW Jd\D- Jd\D+ 

Hence by integrating, 

^^(^) = II ( / ^"^^^ / + 0(e"" V'"^llV^-||/3ll^+ll/3)) • (54) 

OF\\mF\\ ^Jd\D- JdlD+ ' 

Now, as in the fourth step of the proof of Theorem we exchange the integral over 
t and the summation over 7 in the definition of Ir^iT), and we estimate the integral term 
independently of 7: 

IviT) = Yl r^'"* / „($,-o5-*/2)(c|.+ o5*/2o7-i)dm^dt. 

^ Jo Jmi 
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Let <I>^ = ^ o /^^ X^Ri so that = V'^ ° By the last two properties of 

the regularised maps X^r? we have, with (p^ defined as in Equation (|35p . 



If f G T^M belongs to the support of o g */^) (<!)+ o (^r*/^ o ^ then we have 
V € g^/'^y^j^{dlD-) n g~^/'^f~^{nd\D+). Hence the properties (i), (ii) and (iii) of the 
fourth step of the proof of Theorem [HI still hold (with Q_ = d\D~ and 0+ = d\{'^D^)). 
In particular, if = f^_{v) and u)"*" = f~j^+{v), we have, as in the fifth step of the proof 
of Theorem [T31 that 

Hence, with ^3 = a in the Holder case and ^3 = 1 in the Sobolev case (we may assume 
that £ > 1), we have 

I _ ^±(^;±) I = 0{{rj + e-'-Z^r^U^Wis) . 

Therefore there exists a constant K4 > such that 

/.(T) = (^-(^;)V^+«) + 0((ry + e-^/2)-^||V;-||;3||V^+||/3))x 
rT r 

^-{g-'/^v) ^{j-^g'/^v) dmpiv) dt . 



Now, using the inequalities ([SS]) . Equation (|52p follows as in the last two steps of the 
proof of Theorem [Ml by taking 77 = e""^"^ for some K5 > 0. 

In the same way that Corollary [20] is deduced from Theorem [TU the following result 
can be deduced from Equation ([52]) under the assumptions of assertions (1) or (2). Let 
(V'fe^)fcG/± be a F-equivariant family of nonnegative maps ijj^ G (d^D^) such that 
supfcg/± llV'fc^ll/? is finite. Extend -ip^ by outside d^D^ to define a function on T^M. The 
measurable F-invariant function \I'^ = X]fcG/± /~ ^fc^ '^^ T^M defines a measurable function 
^' ^ on T^M. Assume that jrp^j^j ^ ^ da^j^ is finite. Then there exists Kq > (independent 
of (V'fc^jfcG/i) such that, as t — t- +00, 

5f WmpW rnc0~{v) rncg+{'w) nt{v,w) '^~{v)'^~^{w) 

'i'-da+f ^ + da^^+0{e-<^^ snpWii-ysnpUlWf,). (56) 
TIM Jt^m iei- 

Now to prove the assertions (1) and (2), we proceed as follows. If ip^ G C^{T^M), for 
every /c G we denote by the restriction to d^D^ of ip^oTp where p : M — )• M is the 
universal cover. Note that the map defined above coincides with on the elements 
u^T^M such that m^±{u) 7^ 0, and that sup^gj-i HV'fc^ll/? ^ 1 1 V'^ 1 1/3- Hence the assertions 
(1) and (2) follow from Equation (j56p . 



The last statement of Theorem [28] follows by taking as the functions ^pt^ the constant 



functions 1 in Equation (I56p . □ 
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6 Counting arcs in finite volume hyperbolic manifolds 



In this subsection, we consider the special case when M is a finite volume complete con- 
nected hyperbolic good orbifold and the potential F is zero. Under these assumptions, 
taking M = Hj^ to be the ball model of the real hyperbolic space of dimension n and T 
to be a discrete group of isometries of 1HI| such that M is isometric to (hence from now 
on identified with) r\EI]|, the limit set of the group T is and the Patterson density 
{Hx = l^t — /^x)a:eHg of the pair (r,0) can be normalised such that WfJ^xW = Vo^S""^) for 
all X e Hj|. 

The Gibbs measure mp with F = is, by definition, the Bowen-Margulis measure 
"^BM, which is known, by homogeneity in this special case, to be a constant multiple of 
the Liouville measure Vol^-ijy^ of T^M. This measure disintegrates as 



dYolxi}^ = / dYolrp^M d\o\M{x) 
JxeM 



Note that Vol(T^M) = c°afd(-r_j^ where is the stabiliser in T of any lift a; of x in Hg, 
and that = {e} for VolM-almost every x G M. Furthermore, if D is a totally geodesic 
subspace or a horoball in Hj^, then the skinning measures are, again by homogeneity, 
constant multiples of the induced Riemannian measures Volgi_^. These measures disinte- 
grate with respect to the basepoint fibration d].D — > dD over the Riemannian measure of 
the boundary dD of D in (with dD = D if D is totally geodesic of dimension less than 
n), with measure on the fiber oi x E dD the spherical measure on the outer/inner unit 
normal vectors to D at x: 

dVolgi^ = / dYolgi n^Tij^ dVoldDix) . 
=^ JxedD + 

The following result gives the proportionality constants of the various measures explicitly. 
For later use, we also give the pushforward images of these measures under the basepoint 
map TT : T^M M. 

Proposition 29 Let M = F\EIj^ be a finite volume hyperbolic (good) orbifold of dimension 
n > 2 and assume that the Patterson density (Ati)a;eH" of (F, 0) is normalised such that 
WHxW = Vol(S'*-^) for all x G H^. 

(1) We have ruBM = 2"~^ Volrpi^. In particular, 

WruBuW = 2"-^ Vol(§"-^)Vol(M) 

and 

7r*mBM = 2"-^ Vo1(§"-^)Vo1m • 

(2) If D is a horoball in Hg, then = 2"^^ Volgi ^ and vr^tr^ = 2^^^\oIqd- In 
particular, if D is centered at a parabolic fixed point of T with stabiliser Td and if 

= ly^D)^^Y, then 

= 2"-i Vo1(Fd\91^L>) = 2'^-Hn - 1) Vol(Fi5\L>) . 
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(3) If D is a totally geodesic suhmanifold of with dimension k G {1, . . . ,n — 1}, 
then cTj^ = = YoIq^j^ and 11,,^^ = Vol(S"'^*^^"'^) Vol/). In particular, with F^) the 
stabiliser in T of D, ifTo\D is a properly immersed finite volume suborhifold of M 
and if Ql = {'yD)^^^, then 

\\a^\\=Vol(TD\diD) . 

If m is the number of elements ofT that pointwise fix D, then 

1 

m 



kill = 3Voi(§"-^-i)Voi(rz)\z)) 



Proof. Claims (1) and (3) are proven for the outer skinning measure assuming that F 
has no torsion in Proposition 10 and Claim (1) of Proposition 11 in |PP6) . respectively. 
Note that d\D = d^D if D is a totally geodesic suhmanifold, and = C~ , fi'^^ = fj,~^ 
if F = 0, hence = L^a^. Note that l preserves the Riemannian metric of T^M, hence 
crj = Volgi_£) implies is also equal to Volg^^,. If F has torsion, Claim (1) follows by 

restricting to the complement of the points in M with nontrivial stabiliser, this set has 
zero Riemannian measure in M, and Claim (3) follows from the fact that the fixed point 
set on D of an isometry which preserves D, but does not pointwise fix D, has measure 
for the Riemannian measure of D. 

The first part of Claim (2) is proved in Claim (1) of |PP6l Prop. 10] for the outer 
skinning measure. For the second part, note that if the horoball D is precisely invariant 
(that is, the interiors of D and intersect for 7 G F only if 7 G F^)), then F£)\L> embeds 
in M and the image is, by definition, a Margulis cusp neighbourhood. In the general case, 
there is a precisely embedded horoball D' contained in D such that D = jViD' for some 
t > 0. Let = {jD')^(zr. As F^/ = F^, we have 

II4II = e(""'^*ll4'll = e("-i)*2"-i(n - 1)VoI{Td'\D') = 2^-\n - 1) Vo1(Fd\Z;) , 

by Proposition [9] (iii), by |PP61 Prop. 10] and by the scaling of hyperbolic volume. The 
case with torsion follows as in Claims (1) and (3). □ 

Proposition [29] allows us to obtain very explicit versions of Theorems [1] and U in the 
case when M is a finite volume hyperbolic manifold (or good orbifold) and the properly 
immersed closed convex subsets are assumed to be points, totally geodesic orbifolds or 
Margulis neighbourhoods of cusps. The following result gives these explicit asymptotics 
of the counting function in the cases that we have not found in the literature. The cor- 
responding result holds for the remaining three combinations when A~ and A'^ are both 
points, when one of them is a point and the other is totally geodesic, and the case when 
one of them is totally geodesic and the other is a Margulis cusp neighbourhood. We refer 
to the Introduction as well as to our survey article |PP6) for more details and references. 

Corollary 30 Let M = M^, F = 0, let T be a discrete group of isometrics of M^, and 
assume that M = F\IHj^ has finite volume. If A~ and A'^ are properly immersed finite 
volume totally geodesic suborbifolds in M of dimensions and k'^ in {l,...,n — 1}, 
respectively, let 

^ _ Vol(S"~^"~^)Vol(S"~^^~^) Vol(.4-)Vol(^+) 
' ^ ~ 2"-iVol(S"-i)(n-l) Vol(M) ' 
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as s — )• +00. If A and A'^ are Margulis cusp neighbourhoods in M , let 

2^'\n-l)\o\{A-)\o\{A+) 
Vol(S"-i) Vol(M) 

and if A~ is a point and A~^ is a Margulis cusp neighbourhood, let 

ciA- A+) - ^"^(-^^^ 
^" Vol(M) ' 

In each of these cases, 

Furthermore, if T is arithmetic or if M is compact, then there is some k," > such that, 
as t ^ +00, 

^A-,A+(i) = c(A-,A+)e("-i)*(l + 0(e-'^"*)) . □ 
We refer to |PP7| for several new arithmetic applications of these results. 
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